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NOMENaAmE 

ElemeBts of the leminate eztensioBal stiffness sistriz 

Nodulns of elasticity 

Force 

Ezternal force, i.e. joint load 

Dimensionless force 

Modolns of elasticity in shear 

Lacinate curvature 

Thickness 

Displacsnent 

Width 

Coordinates 

Dinensionless coordinate 

Scarf angle 
Strain 

Poisson's ratio 
Momal stress 
Maxiona nomal stress 
Shear stress 
Mazisiiin shear stress 
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Vi 


Subscripts, which tre used singly snd in combinations 
adher Adharand 

adhas Adhasiva 

avg Avaraga ovar tha laminata thicknass 

aztans Eztansional strain or stress 

1 Lower adharand 

o l^par adharand 

z,y,z Coordinate directions 

1,2 Coerdinate directiors 
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ABSTKACr 

Thd ezp«ria«ntal aad analytical investigation of scarf joints 
described in this paper indicates that 

o slight blnntness of adherend tips induces adhesive stress con- 
centrations which significantly reduce joint strength, and 
c the stress district' .ion through the adhesive thickness is non- 
uniform and has significant stress concentrations at the ends 
of the joint. 

Also, the laminate stacking sequence can have important effects on the 
adhesive stress distribution. Three other results are worth mentioning. 
First, a significant improvement in joint strength is possible b}’^ 
increasing overlap at the ezpen-se of raising the repair slightly above 
the original surface. Second, although a surface grinder was used to 
make most experimental specimens, a hand held rotary bur can make a 
surprisingly good scarf. And third, scarf joints with doublers on one 
side, such as might be used for repair, bend under tensile loads and may 
actually be weaker than joints without doublers. 

Bluntness results from breakage durin;; fabrication where the 
adherends are orly a few microns thick. The stress concentrations occur 
for all scarf joints but are much more pronounced for small scarf 
angles, i.e. around 20 milliradians (one degree). Experimental data 
suggest that there is an upper limit to scarf joint strength. 
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Thv sotrf Joint adhosiTt atraaa eoapritaa two eoaponants. One 
is dne to groat extension of the entire Joint and la predoainantly a 
tensile streas. It is aiaple to calcnlate. The other ooaponent it dne 
to load transfer between the adherendo and is predoainantly a shear 
street. The goTeming equation for the load transfer stress it a second 
'order ordinary differential eqnation with two singular points. The 
solution to this equation exhibits boundary layer structure. WEB 
expansions and Frobenins series expansions provide very efficient and 
straight forward methods for iolvitj it. 

Stress concentrations are also induced through the adhesive 
thickness by the sudden change in shear loading at the ends of the 
adherends. IVo diaensional eqnilibriua requires a large noraal stress 
gradient to balance the shear stress gradient. This results in high 
noraal stresses under the adherend tip. lliis phenomenon is analysed by 
a stress function solution for a rectangular region with Fourier series 


boundary conditions. 
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INTSODUCTION AND BACKGROUND 

Tdls paper dctoribei azperiaants and analyses of scarf Joints 
with and without donblers. The aajority of the work involved Joints 
without doublers. Tko first part describes a nuaiber of ideas and aodels 
of joint behavior found in the litsratnre. He second part describes 
naking and tensile testing scarf Joints of an 13-ply carbon / e p o xy 
laminate with scarf angles between 20 milliradians and 160 milliradians 
(one degree and nine degrees). This part includes c^lnding scorfs with 
a hand-held bur. trying a suggestion from the literature to reduce 
adhesive singularities, and increasing joint overlap by letting the 
repair extend slightly above tht- surface. Next is a discussion of the 
two analyses: the effect of slight bluntness of the adherend tips and 
the stresses Induced by the sudden change in adhesive shear loading at 
the ends of the adherends. Finally, experiments and a bending model of 
scarf joinls with doublers are described. 

The don’jle sciirf Joint shown in Figure 1 is the Joint geometry 
selected for this study. It was chosen as a typical repair for damaged 
laminates on commercial aircraft. The repair is made uy first cutting 
out the damaged part of the laminate, Figure 2. Next the cut edges are 
beveled to form scarfs and adhesively bonded to a matching repl '..cement 
piece. An optional doubler say be bonded over the scarf joint. The 
scarf joint repair is potentially very strong and has a smooth surface 
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Figure 1. Scarf Joint geooetry. 


Figure 2. The itep in repairing a daaaged plate nith a scarf joint: 
(a) daaaged plate, (b) plate with daaage reached, (c) beveled edges, 
(d) replaceaent piece bonded to original laainate, (e) repair with an 
optional doubler. 
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which is good for sorodynsaics. 

Sswsrsl iaportsst aodelt of Joint aechanics htwe bosn dtwelopsd 
in sarlisr stadias. Perhaps the aost iaportant is a aeohanisa of load 
transfer be tween .adherends by adhesiwe shear. In this aodel the 
adhesive shear stress is detexr*ined by the relative displaceaent of the 
adherends on either side of the adhesive. At the saae tiae the adher- 
end di spl aceaent s depend on the load transferred to then by the 
adhesive. The .nechanisa is deaonstrated in Figure 3. 

VThen the lap joint in Figure 3 is loaded, different parts of the 
Joint stretch different amounts. At location A, for ezaaple, the bottoa 
adherend is stretched a lot because it carries nearly all of the load. 
In contrast, the top adherend at location A is stretched very little 
because it carries very little load. The result, as the figure shows, 
is that the adhesive is strained a lot in shear at the ends of the bond 
but very little in the middle. So the bund breaks at the ends before 
the middle is fully loaded. This model of load transfer was first 
published by Volkerson (Ref. 1) in 1938 and used in a well known paper 
by Goland and Reissner (Ref. 2) in 1943. 

The adhesive strain can be made sore uniform along the bot. ..f 
the adherends are tapered, or scarfed, as shown in Figure 4. When the 
scarf joint is loaded the adherends stretch the same amount all along 
the bond. At location B. for example, the top adherend carries little 
of the load. However, it stretches the same as the bottom adherend, 


which carries more load but is proportionally thicker. 
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Unloaded 

B 



Loaded 


Figure 4. Dnlotded and loaded icarf joint. 
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This uolforn ihetr distribution depenls on proper Joint design 
and several phenomena must be considered. Any joint design in which 
strains of the two adherends are not identical along the adhesive will 
have shear stress concentrations. Adhersnd section stiffness (thickness 
tines elastic nodnlus). thermal expansion and moisture absorption can 
all be important. The effect of adh’erend section stiffness is 
demonstrated by Figures 3 and 4 , In addition, if the adherends in 
Figure 4 have non-identical thicknesses or modnli the shear strain will 
be higher at the ends than in the middle, .'.nd it will be highest at one 
end. This shear stress distribution can be improved, although not 
necessarily made uniform, by using adherends with specially changing 
thickness along the adhesive. This approach has been studied by 
Ramamurthy and Rao (Refs. 3,4). Sainsbury-Carter (Ref. 5). Cherry and 
Harrison (Ref. 6) and by Thamm (Ref. 7). Lubkin in a study of scarf 
joints (Ref. 8) calculated the scarf angle for which no stress 
concentration would occur between two dissimilar adherends. The angles 
are large enough that it is not a practical way to design joints. 

Adherends with different thermal or moisture expansion 
coefficients can have shear concentrations even when the joint is 
unloaded. In this case one adherend expands more than the other causing 
shear concentrations of opposite sign at the adhesive ends. Thermal 
expansion stresses are usually present in the unloaded Joint because the 
adhesive sets at an elevated temperature. Also, temperature and 
especially moisture expansion can vary with both time and position in 
the *’'.rend. These problems have been studied by Hart-Smith 
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(Re 4. 9«10.11), Wetherhold and Vinton (Ref. 12), Sinha and Reddy 
(Ref. 13), Chen and Nelaon (Ref. 14), and Vinton and Znaiateg (Ref. IS). 

A liaitation of thia load tranafer aodel it that it doea not 
aatiafy the zero ahear atreas boundary condition at the adheaive end. 
Since the adhetive end ia a free anrface, no ahear atreaaea or normal 
streaaea perpendicular to the adheaive end anrface are poaaible. The 
»4heaive end can not be strained in shear, as shown in Figures 3 and 4. 
The load transfer model still holds eve-.-ywhere but near the end of the 
adhesive, hovevcr. 5o it is a useful model cf joint nechanics, 
especially for thin adhesives. 

Composite adherends are frequently orthotropic and this also 
effects their behavior in joints. The edge conditions, e.g. plane 
stress, and adhererd physical properties determine the effective load- 
direction modulus of elasticity. Erdogan and Ratwani (Ref. 16), Reddy 
and Sinha (Ref. 17), and Renton and Vinson (Refs. 18,19) have developed 
models for such orthotropic materials. The model developed by Renton 
and Vinson also accounts for through-the-thickness shear of the 
adherends . 

Adhesive thickness also influences the adhesive shear distri- 
bution (Ref. 20). A small displacement across a thin adhesive results 
in a higher shear strain than the same displacement across a thick 
adhesive. For this reason thick adhesive at the ends of the joint can 
reduce stress concentrations (Ref. 21). 
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Width-wise contraction of the tdherends can canse a somewhat 
different type of shear stress concentration. The fnlly loaded (bottom) 
adherend at location A in Figure 3 will contract in width and thickness 
in proportion to the load and its Poisson's ratio. The adjacent 
unloaded adherend will not contract at all. This causes adhesive shear 
strains across the specimen, perpendicular to the strains shown in 
Figure 3. These strains are most pronounced at the adherend corners as 
discussed by Adams and Peppiatt (Pef. 22). 

Another way of maintaining uniform shear stress is by using 
very thick adherends. The idea is to make them thick enough that their 
strains are small at loads up to the failure stress of the adhesive. 
This is not an efficient way to design structures because the strength 
of the adherend is not u^ed. However, the idea has been applied to 
making specimens for testing adhesive properties (Refs. 23,24,23). 

Another important idea about joints is that they sometimes bend 
when loaded only in tension. This happens because part of the joint is 
nnsymmetrical about the plane of the applied load. For example, the lap 
joint of Figure 5 will bend when loaded in tension. A free body diagram 
of the adhesive and adjacent adherends shows that the force F must be 
held by parts that are away from the over-all plane of loading. Because 
of this offset, moments are created in the joint and it bends as shown 
in the figure. As the joint bends the offset is reduced. At 
equilibrium the moment of the offset applied force equals the moment 
required to bend the adherends. 




Figure 
of the 


5. Bending of , Up 

-dhettvo .nd adjacent adherenda. 


only in tension: 
(b) exaggerated s). 


(a) free body dlagraa 
apo Of the loaded joint. 
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This bending is nonlinetr with applied load. With application 
of a small load the Joint will move rapidly toward the position shown in 
Fignre 5. Bnt once the joint approaches that position very large 
increases in load cause very little additional bending deflection. 

Bending under tension is most pronounced in single lap joints, 
although even scarf joints bend some. Bending under tension, because it 
is so important to lap joints, has been studied by many authors 
(Refs. 9.1?.!?. 20). 

Bending under tension is important to joint strength because it 
induces forces perpendicular to the load-plane at the ends of the 
adhesive. For example, at point A of the loaded lap joint in Figure 
^(b) the bottom adherend is bent a lot. And the nearby end of the top 
adherend is nearly straight. The adhesive must stretch in the vertical 
direction to remain bonded to both adherends. The resulting tensile, or 
peel, stresses can cause breaking in either the adhesive, the bottom 
adherend, or at the interface, as shown in Figure 6 (Ref. 9). Sawyer and 
Cooper have published a way of reducing bending effects by preforming 
(prebending) the adherends (Ref. 26). 

Bending also increases tensile stresses at the outside of the 
specimen, just as a beam loaded in bending has higher stresses at the 
outer surfaces. This is important for scarf joints with doublers on 
only one side. Where the joint ends on the side away from the doubler 
the adhesive must accomodate the extra bending strain. 
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Fignrt 6. Pe«l atr«tt iadaced ftilnre: (a) coheaiTa failure. 

(b) adherend delaaination. (e) adheaive failure. 

There it another sore anbtle aonrce of peel stressea. Adhesive 
ahear foreea can canse bending at the end of a bonded adherend. This 
bending happens even in joints which are sysmetric about the load plane, 
such as double lap Joi.ita. A free body diagram of the upper adherend 
end of a double lap joint is shown in Figure 7. The horixontal shear 
forces on the bottom must be balanced. In the horizontal direction, the 
shear force can be balanced only by a force on the left hand side. 
However, this results in a couple which bends the adherend tip upward. 
The upward bending is resisted by bending stresses on the left hand side 
and normal stresses on the bottom. Note that both tensile and 
compressive adhesive stresses are required to maintain vertical 
equilibrium. This bending has been modeled by Hart-Smith (Ref. 10). 
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Figare 7. Peel atreetes in the adhesive of a doable lap joint. 

Adherend bending, such as in Figure 7, also changes the adhesive 
shear strain at the end of the joint. This shear strain adds to the 
adhesive shear strain induced by load transfer discussed earlier. It is 
shown without the load transfer shear strain in Figure 8. The slope of 
the carved adherend tip strains the adhesive in shear, as shown by the 
upper small adhesive element. Ojalvo and Eidinoff (Ref. 20) discuss 
this effect and conclude that the shear strain must be different on the 
upper and lower snrfaces of the adhesive. 

A third important idea about joint mechanics is that stress 



concentrations sometimes happen at the sdhe s ive-adherend interface. 
Few studies have been done on this effect for actual joint geometries. 
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Figure 8. Adhesive sheer strain caused by bending of the adherend end. 

Most analyses have dealt with stress fields at the interface of bonded 
wedges. Rao (Ref. 27), for ezanplc, hat shown that elastic stress 
slngnlaritiet occnr and their Intensity and order are functions of 
wedge angle. Hein and Erdogan (Ref. 28), and Bogy (Ref. 29) have also 
considered this problem. 

Non-elastic adhesive behavior can also be very iaiportant to the 
adhesive stress distribution. This includes such effects at non- 
linear stress-strain behavior and viscoelasticity. Hart-Smith (Reft. 
9,10,11) has approximated non-linear behavior with elastic-plastic and 
bilinear models. These models predict a nearly constant adhesive stress 
zone near the adherend ends with significantly higher predicted joint 
strength. Rawamurthy and Rao (Ref. 30) have used elastic-plastic, 
bilinetr and trilinear approximations. Several finite element and 
finite difference analytes have alto accounted for adhesive non- 
linearity (Refs. 31,32,33). 


The complexity of viscoelastic analysis generally requires 



15 


ORIGINAL WAGI: [J 
OF PCCR 

nnaerical solutions. Nagsrsjs and Alwar (Ref. 34) have used the finite 
element method. Sen and Jones (Refs. 35,36) and Delale and Erdogan 
(Ref. ^/) have used Laplace transform methods with numerical inversion. 

Several of the papers mentioned deal specifically with scarf 
joints. Hart-Smith (Ref. 11) accounted for non-linear adhesive and 
adherends with different stiffnesses and thermal expansion 
coefficients. He also concluded that bond shear strength increases 
indefinitely at the scarf overlaps are made bigger. Erdogan and Rstwsni 
(P.ef. 16) developed i codel for an orihotropic adterend beaded to an 
isotropic adherend. Reddy and Sinha extended that model to account for 
two orthotropic adherends (Ref. 17) and also for thermal expansion (Ref. 
13). In addition, Thamm calculated the shear stress distribution in a 
lap joint vith partially thinned (scarfed) adherends (Ref. 7). 

Wah calculated the two dimensional stress distribution in a 
scarf joint adhesive using stress functions (Ref. 38). However, he 
considered scarf angles only between sixty degrees and ninety degrees 
(butt joint). Wright (Ref. 39) and Adams and Peppiatt (Ref. 32) using 
the finite element method found that there are stress concentrations in 
scarf joints between identical adherends. Also, in the same paper, 
Adams and Peppiatt calculate the stress distribution of a scarf joint 
with slightly blunted tips. 

There are several surveys of the literature in adhesively bonded 
joints. The most recent and thorough are by Vinson (Ref. 40) and 
Mathews. Kilty and Godwin (Ref. 41). 
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EXPERIMENTS ON SCARF JOINTS fITBODT DOUBLERS 

All of the experiaental tpecimeiit were aade froa laainatet of 
Hercules AS1/3S01-6 carbon/epozy. Since the priaary pnRpose of this 
study was to evaluate the selected geometry, rather than the repair 
procedure itself, all experimental specimens were aade directly from 
undanaged laminates. The stacking seiiuence was [0./+45/90/+45/0,] . 
Ten specimens of this laminate were tested in tension to measure its 
strength. The data are tabulated in Appendix iii. The average ultimate 
force resultant was 2.21^0.84 GN/m (12.600+480 Ib/in) at 95% 
confidence level. Since the joint should be as strong as the adhercnds 
the goal strength is 2.21 GN/m. 

The dimensions of the experimental specimens are shown in Figure 
9. The eighteen ply laminate is 2.5mm thick. The width was celected as 
about ten times the thickness so that edge effects would be small. 
Specimen length was determined by worst case bending behavior. When a 
specimen with a doubler is loaded in tension it bends as explained on 
page 9. This bending induces moments at the test machine grips which 
might change the load at which the specimen breaks. Although th. 
moments cannot be eliminated the specimens can be made long enough that 
the moments at the grips are insignificant. 

Bending can be easily calculated for a specimen with a thick 
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Figure 9 


Dinensions of the ezperiaental acari joint apeciaena. 
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■ection in th« middle. Appendix i. This if ■ good approximetion to the 
ecarf Joint with a doubler, which ia the wont bending case. Bated on 
this analytia, the apecimen length waa choaen ao that the tlope at the 
gripa would be zero to thrta aignifleant figurea. 

The tpecimena were made by grinding acarfa on the cured 
laainatea. The laainatea were held onto a wedge-ahaped block aonnted 
on the table of a aurface grinder. Thia method gawe very aaooth, 
accurate acarfs. The tcarfed panels were then bonded together with film 
adhesive. The adhesive was autoclave cured v;ith the joint pieces pi:;ned 
onto a laminate of the tame m.'terial and atacking teqnence. This 
minimized loading the adhesive by thermal expansion of the scarfed 
adherends. The final panels were cut into tensile teat tpecinent with a 
diamond saw. Panels and specimens were ul trasonical ly scanned at each 
stage to detect any defects. Details of the entire process are in 
Appendix ii. 


Thia procedure worked very well for all but the 160 mill^radian 
(9.2 degree) scarf joints. These joints were difficult to bond despite 
their short overlap. It turns out that these joints are very unfor- 
giving of misfit. The short overlap (15 mm) and high bending stiffness 
restrain deflection perpendicular to the specimen plane. So they don't 
easily deflect to compensate for machining or alignment errors. 
Surprisingly, the long Joints are the easiest to fit. 

Strenath Data 


Average strength data for five groups of joint specimens are 
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lilted la Tibli I. Thi itrsnithi an givia as strais rasaltants becausa 
tha laalnatas ara thin (piatalika) aad inhomo|aaaons. Tha afficiancy is 


the Joint 

atrength divided 

by the laainate strength 

frOB page 

Detailed data for 

the thirty-three speoimena tested are 

in Appendix 



Table I. 

SCAKF JOINT 

STRENGTH 



(Strength ranges 

are for 93% 

eonfidrnee level) 

Scarf Angle 

Nnabe? 

Av«rage Ultiaete Force 

Efficiency 



of 

Resultant 


(a rad) 

(deg) 

Specimens 

(GN/m) 

(Ibf/in) 


19 

1 1 

6 

1.33 +0.086 

7710+490 

0.61 

33 

1.9 

4 

1.40 +0.092 

8000+320 

0.64 

32 

3.0 

S 

0.990j^.062 

3630+330 

0.43 

110 

6.2 

13 

0.648+0.032 

3700+180 

0.29 

160 

9.2 

4 

0.510+0.048 

2900+270 

0.23 


A striking featnre of thaie data is that they don’t fit 
conventional nodals of joint behavior. The Joint strength aonld be 
expected to increase without limit as the scarf angle is made smaller. 
In principle., the load is born by a larger adhesive area which should be 
subject to lower stress. To the contrary, the 19 aillicadian scarf 
joints supported only 1.3S GN/a compared to 1.40 GN/m for 33 ailliradian 
scarf joints. Since the 19 ailliradian joints were expected to be about 
1.4 to 1.6 times as strong as the 33 ailliradian joints two sets of 19 
ailliradian joints were made and tested. Both sets had the same 


streneth. 
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Adharcnd itringih 


■ S^<rp Kfwrtnd lipi 


A<a>tr«ndi with tua brokan *t t •• 40 mcrona 


Scarf Ar'(le !milliradians) 


Fi|sze 10. Experiaantal and predicted acarf Joint atrength. The 
predicted Ttlnei are baaed on aaxinuai $I ear xtraaa. 


The acarf joint strength data are plotted in Fignrei 1C and 11 
along with soae calculated strength curves. The aaziaua shear stress 
failure criterion is used for the curves in Figure 10 and aaziaua noraal 
stress for Figure 11. The calculated strengths account for the 
stiffness of the zero degree plies «t the adnerend tips and for load- 
direction strain of the whole joint. These calculations are described 
in detail in the section on adhesive stresses in the scarf joint. 


The strengths predicted for sharp tipped adherends are much 
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Fi|nre 11. Ezperiaental and predicted scarf Joint strength. The 
predicted valnes are based on nazimua nornal stress, 

higher than the ezperiaental data for saall scarf angles. However, as 
shown in the figures, the ezporiaental data can be ezplained by 
adharends with tips broken off a short distance froa the end. The lower 
curves represent the strength predicted for adherends with tho tips 
broken #here the adherend is only 40 aicrons (0.0016 in.) thick. This 
is the thickness of five carbon reinforcing fibers. As the curve shows, 
asking the scarf angle even smaller for such adherends still may not 
attain the strength of the undamaged laminate. 
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The failures range from a relatively simple break through the 
adhesive for the 160 milliradian (9.2 degree) scarf joints to a 
complicated break with considerable adherend damage for the 19 
milliradian (1.1 degree) joints. Both 110 milliradian (6.2 degree) and 
160 milliradian (9.2 degree) joints broke mainly in the adhesive 
(Figures 12 and 13). The fracture surface had adhesive separated from 
itself with regions where the separation was in the adherend. All had 



Figure 13. Fracture surface of a 160 milliradian scarf joint, specimen 
number 3-136-4. 
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Figure 13. Fracture surface of a 110 Dilliradian scarf joint, specimen 
number 4-96-2. 

pull-out of 45 degree and 90 degree adherend reinforcing fibers, 
although pullout was more pronounced in the 110 milliradian (6.2 degree) 
scarf joints. 

Scanning electron micrographs of one of these regions (Figures 
14 and 15) confirm that the failure is actually in the adherend. A thin 
layer of matrix resin and fibers has pulled off of the composite 
adherend and can be seen on a micrograph of the mating piece in Figure 
15. 


Micrographs also show two other interesting aspects of the 
adhesive. Figure 16 shows filaments in the adhesive from the knit 
tricot mat that is manufactured into it. Thic mat is used to control 
bond line thickness. The second feature is the small holea visible in 
Figure 17. They are caused by the small rubber particles used to 
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Figure 14. Scanning electron micrograph at lOx of the fracture surface 
of 110 milliredian scarf joint specimen number 4-96-3. Reinforcing 
fibers have broken from the adherend in the striated region in the upper 
left quadrant. 


FIGDRE 15. Scanning electron micrograph of the mating fracture surface 
to the one in Figure 14. The reinforcing fibers pulled from that 
adherend can be seen in the lover left quadrant. 
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Figure 17. Scanning electron nicrograpb at lOOOx ahoving tmall holes in 
the fractured adhesive surface caused by saall particles used to toughen 
the adhesive. 


:iC3 


Figure 16. Scanning electron micrograph at lOOx shoving the knit tricot 
mat used to control adhesive thickness. 
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Figure 18. Failure mode of 19, 33 and 52 mllliradian scarf joints, 
tonghen the adhesive. 

The 19, 33 and 52 milliradian (1.1, 1.9 and 3.0 degree) scarf 
joints failed in a different mode. The failure surface. Figure 18, 
begins at one of the adherend tips and goes through the adhesive at 
point A. Inside the joint at B many 45 degree and 90 degree adherend 
fibers are pulled out. Betveen the inside zero degree plies, vhich are 
too strong to pull out, the adhesive breaks. The surface is similar to 
the ^‘egions of adhesive separation in the 110 and 160 milliradian 
joints. The failure surface then goes through the adherend with 
considerable delamination and 'brooming' of the remaining plies. Figures 


19, 20, and 21. 



Fignre 19. Fracture surface of a 52 milliradian scarf joint, specinen 
number 3-13-2. 


Figure 20. Fracture surface of a 33 milliradian scarf joint, specimen 
number 3-34-4. 


Figure 21. Fracture surface of a 19 milliradian scarf joint, specimen 
number 3-121-4. 
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Where the fiilare begins it iaportent for analysis. Modeling 
Joint strength requires a failure Bechanisa which depends on calculated 
conditions at a particular site. In this paper failure is attnaed to 
begin at the end of the bondline in the adhesive. Unfortunately this is 
difficult to verify because the joints break to quickly. The tpeciaens 
can be inspected after testing, however, for evidence supporting or 
contradicting the assumed site of failure initiation. 

Supporting the idea that failure begins at the end of the 
bondline is the observation that every break has one adherend tip 
intact. This is a reasonable thing to expect for end failure because 
after the adherend tip separates it would be very unlikely to suffer 
more damage. 

Evidence supporting failure initiation in the adhesive is 
somewhat less conclusive. Every broken joint has a region where the 
adherend matrix has broken like in Figure x4. It cannot be determined 
if failure began in the adhesive at point A in Figure 18 or in the 
adjacent adherend matrix. 

Other Experiments 

Three other experiments were made on plain scarf joints. One 
was grinding sc?.rfs with a hand held rotary bur to demonstrate making 
the joints with small portable equipment. Another one was reducing 
stress concentrations by rounding the adherend tips. And the last was 
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■iking Joints with slightly more overlsp. 

Bsosnss sircrsft repsirs anst often be aide ditootly on the 
sirplsne without sophistiosted equipaent* a siaple way of aschining the 
repair is desirable. To evalnate cutting the scarfs without a surface 
grinder one set of joints was aide by cntting thea with a hand held 
pnenaatic rotary bur. His siaple, easily portable device worked very 
well. 


Fifty two mil I iradisn (3.0 degree) scarfs were wet-cut with a 
carbide bur. Water removed the dust and also made the individual plies 
visible. Visibility of the plies helped cut the scarfs nniforaly 
because their interfaces were like the contour lines on a topographical 
aap. The contour of the cut surface was easy to deteraine by studying 
the pattern of the ply interfaces. Figure 22 shows the scarfed plies of 
a machine ground laminate and a hand ground laminate. With care (and 
some practice) a surprisingly uniform scarf can be cut by hand. 
It is helpful that a one millimeter deviation in the position of a ply 
interface (a contour line) corresponds to only 50 microns deviation in 
thickness for a 5(i milliradian (3 degree) scarf. For ezaaple the 
deviation of the contour lines on the right hand side of the unfinished 
hand ground rpeciaen in Figure 22 are due to the specimen being only 0.3 
mm too thick. 

The hand ground scarf joint strength averaged 0.80+0.039 GN/m 
(4570+220 Appcuilix iii. This is significantly lower than 
the 0.99 GN/m of the machine ground joints. Interestingly, the failure 




Fignre 22. Machine ground (left) and hand ground scarfed laminates. 


xinvnO HOOc: jo 
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node* were alio very different. The hand ground speoiaens broke directly 
throngb the adbesive with very little adherend daaage. In addition, the 
apeciaena oonaiatently broke where one of the adherend tipa did not have 
a aharp tip. 

Thia anggeata that the ahape of the adherend tip* i* very 
iaportant, even on a relatively aaall acale. The tipa of theae 
adherend* were tapered ont to a thicknea* of about 0.2 ailliaetera. 
Analyais also supports the idea, showing that tips tapered to a acre ten 

aicrons thick induce significant shcir stress soccentration. 

In a 1971 paper (Ref. 27) A. I. Rao suggested that high stresses 
predicted at interface corners by w«dge stress functions night be 
alleviated by rounding one wedge tip. The idea is that the nature of 
the stress concentration depends on the angle between the interface and 
the free surface. If the interface angle is changed by appropriately 
curving the Interface, stress singularities night be avoided. 

A set of scarf joints were made to tea. this hypothesis. The 
adherend tips were shaped as shown in Figure 23 by cutting the under 
surface with a diamond saw and lightly abrading the resulting edge with 
enory paper. The angle labeled 0 in Figure 23 was cut at n/6 radians 
(30 degrees) to avoid stress singularities according to Rao's 
calculations. Adhesive film was inserted the entire length of the scarf 
to make sure the region of the removed tip filled with adhesive. 
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Figar* 23. Scarf Joint with ronndcd adharcnd tipa. 

Tbe strangth of tha ronnd-tipped joints. 0.43^0.049 GN/m 
(2460^280 Ib/in). Appendix iii. was onlj abont 70% that of the 
sbarp-tippad joints. Tbs fraetnrs snrfacas ware also diffsrent. The 
ronnd-tipped scarf joints bad a two ■illiBeter wide band at one end of 
each break where part of tbe adberend polled off. Tbe separation 
occurred directly across tbe adhesive froa tbe rounded tip. This 
separation was siailar to the regions on tbe sharp-tipped joints where a 
thin layer of natriz and fibers pulled off. Tbe bands did not extend 
all tbe way across nost of tbe joints. But tbe joints were consistently 
weaker the longer tbs band. 

Clearly an'- increase in strength froz. eliaiuating large tip 
stresses is ortweighed by the detrinental effects of tbe rounded tips. 
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Th« roondad tips rtdnct Joint ttrtnith t«o vtyt. First, tb« adhesive 
ares is reduced. Second, the tips cnuje sheer stress concentrations at 
the ends of the adhesive by the saae Bechanisa as the lap joint 
described on page 5. That snch a saall change in tip geometry changes 
both failure mode and significantly reduces Joint strength eaphasizes 
its inoortanee. 


A 




Figure 24. Scarf Joint with slightly increased overlap. 

Slightly more overlap of the adherenda increaaes Joint strength. 
A «et of scarf Joints was made at shovn in Figure 24(b). This geometry 
increases adhesive area and reduces the effect of replacing zero degree 
plies with adhesive as at section A. However, it alto protrudes beyond 
the mold line of the original laminate, which may be a disadvantage for 
aerodynamic surfaces. These Joints averaged 1.63^0.28 GN/m 
(9300^1600 lb/ in) and 1.22^0.10 GN/m (6970^370 Ib/in) respectively for 
19 and 33 ailliradian (1.1 and 3.0 degree) scarf joints. Appendix iii. 
This it about 20% stronger than the corresponding Joints with lest 
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OTtrlip. Thcst 19 ailllradiaa ( 1.1 dcgret) icarf Joint* vara tha 
atrongaat aada in thi* stady and attainad 74 % of cha atrangth of tha 


nndaaagad laainata. 
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ANALYSIS OF SCAFF JOINTS WITBODT DOOBLESS 

S«v«ral •xparlacBtal reaalta aaggast that tha amall aoala 
•eoaatry of aoarf adharanda la laportant to Joint atrangth. Thaaa 
rcsHlta Includa lower than azpacted atrangtha for amall acarf aagla 
joint) and lower strength and different failure aodes for scarf Joints 
rwunJoil tips. It turns out that a scart aUherend vhich brsax:; off, 
before bonding, whore it is only a few nicrous thick causes significant 
shear stress concentrations in the adhesive. This corresponds to a 
laminate breaking where it is only as thick as a few reinforcing fibers. 
Such breakage is noi surprising oensidering the brittleness of typical 
reinforcing fibers such as carbon and glass. 

The mechanism of this stress concent ra t ion is the same as for 
the lap Joint doscribad on page ). The aurprlsing part Is that the 
effact is so pronounced for such a slight deviation from perfect 
geometry. 

To calculate the effect of a broken adherend tip on the adhesive 
shear stress distribution the mechanism of load transfer between the 
adherends must be modeled. The analysis used here is similar to those 
developed by Erdogan and Fatwani (Ref. 16) and by Reddy and Slnha (Ref. 
17). The adhesive is deformed, mostly in shear, while transferring the 
load. Figure 25(a). .\t the same time the adherends are strained 
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horizontilly by their loads. The correct combination of adhesive and 
adherend deforaiation is defined by the interface condition that stresses 
and displacements be eqnal. Sipce the joint is symmetric only one half 
of it need be analysed. 

Stating these relationships mathematically requires some 
simplifying assumptions. To model the adhesive deformation assnme that 
its behavior in shear and in tension are independent. Assume also that 
stresses are constant through the adhesive thickness. It turns out that 
these assumptions are reasonable away frcn the ends of the joint. As 
discussed later, in the section on two dimensional stress distribution, 
significant variation of stresses occurs through the thickness at the 
ends of the joint. However, these assumptions allow modeling the most 
important characteristics of scarf joint behavior. And through the 
thickness stress variations at the adhesive ends can be dealt with 
separately. 


Assuming the adhesive behaves linearly its strains and stresses 
are proportional, so the relative displacements are. Figures 26 and 27: 
t 


An 


adhes 


^ G 


adhes 




An 


adhes 


1 £ • 
adhes 
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In tens of displacenents in the z-y coordinate system 

adhes . adhes > 

T,, “ ^ An, ” (An cosa - An sina) 

“ t .. . » t .. .. z y 


( 1 ) 


adhes 


adhes 


'adhes 


An, 


'adhes 


’SI ^ —s ( 

adhes adhes 


(An sina + An cosa). 
* 7 


( 2 ) 


To model the strain of the adherends assume that they are 

subject to only normal stresses in the x-direction and that normal 

stresses in the y-directioa, a , are zero. The first assumption re- 

77 

quires that loads introduced by the adhesive be distributed very quickly 

across the adherend by shear. This happens in thin specimens because 

the load does not have very far to be distributed. But it must be 

remembered that stresses do not become uniform as quickly in materials 

which have low shear modulus compared to their eztensional modulus (Ref. 

42). Fortunately, the composite adherends considered here are thin and 

the scarf geometry makes them even thinner. The thinness of the 

adherends also justifies the assumption that normal stresses, o , 

77 

are zero perpendicular to the loading plane. 
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X 

Fu(x) 


Figure 28. Adherend tip free body diagrac. 

The adherend strain is a function of the load at the particular 
cross-section. The load depends on the tractions at the adherend- 
adhesive Interface. Eqnilibriua of the adherends in the z and 
3 T-directions, Figure 28, requires 

F (x) “ w I {r,,(t)co$a + q, . ( t) sina) — (3) 

n J a* cosa 

0 

and 

r f'C,,(t)sino - q. . ( t )cosa) — ■ * 0 (4) 

J ** cosa 

0 

with F + F, » F Figure 25. 
u 1 ext 

Since (4) holds for all x it can also be stated as 

Tjj(t)sina * qjj(t)cosa (5) 

ax.J substituting iu (3) gives 

F^(x) * w( l + tan*u) J^T j ( t ) dt . 

o 



Differentiating gives, 
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Tbe Kdherend strain cm be eslenlsted once tbe loid is known. 
The upper sdherend will be analysed first. From Hooke's Law, 

. . (7) 

zzn E E yzu E zzn 

zn yu zn 

Since by assuaption, the middle term is zero. Z-direction normal 

stress, o , depends on the Poisson contraction of the specimen. 
Poisson's ratio varies along the upper adherend because of the changing 
stacking sequence. At each point the upper adherend will tend to 
contract an amount usually different from the lower adherend. However, 
since they are attached by the adhesive they must contract the same 
amount, at least away from the specimen edges. Therefore, 


e * E 
zz zzu 


E , 'zzlam 

zlam 


Nov, since 


a a a 

e . - /Z2^, 

zzu E E zzu E yzu 

zu xn yu 


and the last term is zero, as before. 


„ = E - E 

zzu zu E zzu zu E , zzxam 
XU xlam 


Substituting into (7) 


a y / o a ’ 

, . _ii2 _ _«H E -E 

xxu E E \ zu E xzu zu E . xzlam 

zu zu \ XU xlam 


(1-y U ) 
xzu zxu 


xzlam zzu 
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Since o * F /(t w) and <r ■ F ^/(t, w), 

xxn a n xayg ext laa 

(1-f y )F u , u F. 

xxn xxn n ^ xxlaii*^xxn ext 

‘xxn E t w E , t, w 

xn n xlam laa 


( 8 ) 


Simllarl 7 > lower adherend. 


(1-V .U ,) F, y , , F , 

XX 1 xxl 1_ ^ xxlaa*^xxl ext 

*xxl E . t,w E , t, w’ 


(9) 


xl 


xlam 


'lam 


To combine these equations substitute (5) into (1) and (2) and 
solve for r^j terms of Au : 


cosa(l-*-tan*a)6 .. E .. 

adhes adhes 


’IS 


An 


(E 


+ G tan>a)t 


adhes adhes 


adhes 


Substituting into (6) gives 


dF wcoso(l+tan*o) *G E 
u ^ adhes » dhes 

dx 


(E . + G tan*a)i .. 

adhes adhes adhes 


Au = wEAn . 

X X 


Noting from Figure 27 that Au^= '^xu” ''xl differentiating to express 
An in terms of adherend strains gives 

X “ 


d»F 

n 

dx* 


wK(e - e , ) . 
xxn xxl 
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Figure 29. Scarf joint cross-section dimensions. 


And finally sabatituting for the strains from aquations (8) and 

recalling that 

F + F » F gives 
u 1 ext 


d*F 
u 

dx* 


V 

xzu tiu 
E t 

XU u 


+ 


^-^xzl^xxl l 


F 

u 


xzlam 


E 1 

xlan lam 


(V -V ,)■ 
zxu zxl 


1-y 


xzl 


'xl 



F 

ext 


Now, the adherend thicknesses. Figure 29, are 


t “ xtana 
u 


and 


t, » t .. -t .. /cosQ - xtana =• (d-x)tana 
1 adher adhes 


d » { t^^j^^^-t^jj^^^/cosa) /tana is the length of the joint. 


(9), 


( 10 ) 


where 
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Sabstitntlng into (10) gives 


d*F 

i 

dz* 


- K 


1-V V 
zxn zzn 


1-y .V . 

zzl zzl 


E ztsno 
zn 


E , (d-z)tina 
zl 


(p -y ) 

zzn *zzl E ,(d-z)tana 


zlna laa 


zl 


ezt 


( 11 ) 


This equation aay be written in teras of diaensionless variables by 
defining P F /F « and f “ z/d. The equation then becoaes 

* U 9 X t 

'zl' 


d»F _ Kd 
di* tana 


1-U V 
zzu zxc 


XU 


Ed 

tana 


dv» , (v -V ,)tana 1-p .V ' 
zzlaa zzu zzl zzl zzl 


E , t, 

zlaa laa 


E ,(l-i) 
zl 


( 12 ) 


The boundary conditions for (11) are that F > 0 at z > 0 and 

u 

F s F ^ at X > d. That is. the upper adherend carries no load at the 
u ext 

tip because no load hat been transferred to it. And- at the other end of 
the joint, z « d. all of the load is carried by the upper adherend. 
Equivalent boundary conditions for (12) are F > 0 at z ■ 0 and F ■ 1 at 


X “ 1 . 
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SXmON OF THE GOVERNING DIFFERENTIAL EQUATION 

Equation (12) ia a aecond order InhoBogeneoiis ordinary 
differential equation with variable coef f ioienta. It haa regnlar 
• ingnlar pointa at x^O and x~l becanst of the denoaiinator a of the F 
coefficient. Two techniques will be need to solve it approximately: 
perturhaticn methods ard series solutions*. Perturbation methods give a 
global solution which is patched with the local series solution where 
the perturbation solution does not work. 


Equation (12) can be written as 
e*F* - Q(x)F + R(x) - 0 
where e * s/ tana/Ed . 


1-V V 1-U ,U , 

nt-\ xzu zxn ^ zzl zxl 

Q(x) + 


E X 

XU 


Exi(l-i) 


and 


R(x) 




di* , (U -V ,) tana 
xzlam zin zxl 

E 1 

zlam lam 


(13) 


The complementary equation is e*F”-Q(i)F. Approximate solutions 
to this type equation are easy to find by the W'lB perturbation method 
when e is small. 


1. Both of these techniques are described in Bender anJ Orszag, 
Advanced Mathematical Methods for Scientists and Enaineers . McGrav Hill 
Book Company, 1978. The notation used in that text is adr^ted here. 
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The idea of tho WD aathod (Rif. 43) > naaed aftar Wentzil, 
Iraatra and Brillonia, ia to approziaata tha aolntlon by 

F - A(f)a®^*^^®, 6 (14) 
vhara 6 ia tha bonadary layar tbiekaasa. A(i) ia a alowly yarying 
aaplitada fnaetioa. S(l) is oallad tha phass aad can ba iaagiaary. 
This allows for a solation which it azponsntial or oscillatory. 


It is best to represent this approximation ia a different form 
for deriving asymptotic relations. A(X) and S(2) depend explicitly on 
6. Expanding them in power aariet in 6 and combining tha two series in 
a single exponential power series gives 


F(x) exp 


T 5 

* Jo “ 


6 — C 


(15) 


Substituting (15) into the complementary equation give's a 
sequence of equations from which to determine the S^’s. After 
substituting, the coefficients of terms of equal powers of e are set 
eqnal. It turns cot that 6 is proportional to e so they may be set 
equal. The final rssnlt for the first two terms is 

S,(f) - ± sfoTt? dt (16) 


Sj(i) - - 7 luQ(I) . 


This gives for F(X) 

P(J) - Bj0xp^|#+Sj + B,exp^- |*+Sj 
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The Integral for S,(X) cannot be solved in closed forn. 
However, if Q(X) is written in the form 


1 - 1 / 1 / 1 - 1 / , 


ail) 


xn 


xl 


I(l-i) 

the numerator of the integrami can very adequately be represented by a 

Taylor series. This gives 


/0(iT - 


C,+CjX+C,x»+C,x* 


which can he integrated in closed fora. 

The solution of the particular equation is very straight 

forward. Since E(x) and Q(i) are both smooth and there are no turning 

points, i.e. Q(i)<^0 for all x, we may simply take the limit e — ^ 0^ 

, R(x) ^ -+ 
f'**" Q(i)' ’^0 ■ 

This asymptotic relation is valid for all 0<x<l. Finally, the 
approximate solution of (12) is 


^ Q?l) ^ [~ 7^*^' 


(17) 


Two conditions must be satisfied for the WEB approximation to 

hold on an interval (Ref. 44). First, the series (x) 

n 


must be in asymptotic series in 6 as 5-^0 uniformly for all x on the 
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iattrTftl. This it <qnlT«ltnt to th« qaotltatt (i) /S^ii) boiag 

bonndtd functions of i on tbs Intcrvsl. If the series ^8 (1) is 

n 

nnlforaly ssjaptotlo in 1 as 6-^0, trnneatini the series before the 


saallest tera. (i). should gire an approziaation with nniforaly 

taall error thronghont the i interral. 


The second condition is ne.‘?sssary becaose the WD series appears 
in the exponent of (14). For the WEB aprozlaation tw hold, the first 
truncated tone 6 S^^^(x) must be saall compared to unity. 

It turns out that these two conditions are satisfied for the 
scarf Joint equation with saall s if the series is truncated after two 
terms. Hovewer, for larger walnes of s« corresponding to scarf angles 
of 0.1 radian (six degrees) and acre, the WEB approziaation docs not 
hold near the scarf tip. In these cases a Frobenius series solution, 
valid locally, can used at the scarf tip. 


A local solution of (12) can be expanded about the regular 
singular point z*0 by the Frobenius method (Bef. 45). First, write the 
complementary equation corresponding to (12) in the form 


where 


Id 

q(x) ■ -r X* 

tana 


1-U V 
zzu txu 

~i X 

XU 


l-V , 

XX 1 xx> 

E ,(l-x) 
zl 


( 18 ) 
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Note that, althouhh th« coefficient of f in (12) is singular. q(l) is 
analytic. Expanding q(i) in a Taylor seriea gives 


q(i) 



with q,-o 

and q “ 


l-U V 

Id XI n ixu 

tana E 

XU 


n~l .2.3.... 


Next, assune a solution in the form of a Frobenius 


series: 


P(i) - 5 

n-0 “ 

Substitntlng into (18) and oquacinj coefficients of ^ gives 

(o*-n)a, “ 0 


n-1 (20) 

anil { ( n-n ) *-a- n ) a " - ) u .a. . 

n L n-\ V 

Since by casumi'tlon a muse be a rviot of the indicial polynomial, 

P(o)- a*-a. Lst a^-1 and denote the roots of the Irdicial 

polynomial. For a-a^ the recursion relation (20) can be solved for a^ 

in tem* of a, for all n: 

n-1 

a T ^ q a. . (2D 

n n+n* L n-k k 

k-0 

This gives one solution to (IS) with one arbitrary coefficient, , 
Since a,-aj is an integer, there is, in general (Ref. 53). 
only one solution in Frobenius form. The solution obtained by using the 


recursion relation with n-a. u identical to (2D. The second linearly 
independent solution involves the function In i. It can be found by 
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diff«r«ntiatlng (19) with respect to the indiciel exp one at, a. 

Ignoring the first equation of (20) for a Boment to leave a 
arbitrary, we solve for a^ as a function of a. T'ae resulting 


Frobenins series is 
F(x. 


(i.u) ■ X® ) a 
n«0 


(o)x°. 


( 22 ) 


It is helpful to define the operator 


L 5 + ai*). 

dx» I* 


Anv solution of (IS) satisfies LF(x)*0. However, F(x,a' satisfies 


_2 


Lr(x,a) » a,x “Pfa). 

If we differentiate both sides with respect to a and set we get 

« a,P'(Oj)x^“*”*^ . (23) 




0 * 0 , 


If the right hand side were zero, then (d/da)F(x,a) 
be a second solution to (18). 


o»a, 


would 


To get around this we can construct another particular solution 
to the inhomogeneous equation (23) and subtract the particular solution 


(3/aa)F(i.a) 


o-a, 


from it. This will be a solution to the homogeneous 


part of (23) which is what we really want. 


It turns out that the second particular solution has an ordinary 
Frobenius expansion. 


n“0 


_n 
c X . 
n 
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Sab 1 1 i tut ing into (23) and equating coefficienta of ^ gives 

P(0)c, - 0 
n-1 

P(n)c^+ ^ Si-k°k " ^ n 0,1 
k-0 

P(l)Cj+ <liC, ■ a,P'(0). 

Since P(l)*P(aj^)*0 the last equation relates a, to the coefficient c,. 
And th« middle equation gives 


c = 
n 


n-1 

■pT^ ^ Vk®k 

k-0 


n-1 


1 


n(n-l) 


} Vk‘i- ° 


(25) 


k-0 


So the second I'uearly independent solution to (18) is the 
difference bet-«eec the two particular solutions: 

2 a 

V -n 9 


F(i) = ) c X - -r-F(x,a) 

L- n 9u a=a. 


n=0 


Differentiating (22) with respect to a gives 


|-F(i. a) 
ou 


a*a. 


CD 

^ a”* F(i»“i)lttx 

L.da n a-a, ^ 


n=0 


CD 

I 


. -n+1. , _ T _n+l 
b X Inx ) a X 


n-0 


n=0 


where 


T“» (o) 
ou n 


2n+l 


o-a 


1 

u-1 


n-1 


( n*+n) 


» ^ ‘^n-k*k n»+n I ‘‘n-k^k' 


(26) 


k-0 


k=0 


and b. = 0. 
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So the second linesrly Independent solntlon of (18) is 

F(x) «)ci-)bx - Inl ) s x 
d.. n ° ^ 

n*0 n*0 n*0 


The lest step in finding e local solntion to (12) is 
particnlar solution. The particnlar equation nay be written 


F- + - r(l) 


where r(x) * 


Id 

tana 


dv . (v -V ,)tanu 1-V .V . 
xzlaai zxu zxl xzl zxl 

E , t, " E ,(l-x) 

zlasi Ina xl 


Expanding r(x) in a Taylor series about x=0. 


m 

■«> - I 


gives 


and 


n*0 


Kd 


r X 
n 


tanal 


'dV , (V -V ,)tano 1-V ,V , 
*^zlan zxu zxl xzl zxl 


^xl am^lam 


"xl 


Kd ^■‘^xzl^zxl 


tana E 


n ~ lf2.... 


xl 


Assuming a solution of the foir 


ppt . ,a f ,pt 
n 


n*0 

and substituting into (28) gives a = 1,0 and 


vrl’k'S^ 

pt _ k»l 


n * 1,2, , 


n(n+l) 


The coefficient aj^ is arbitrary, so make it zero. 


( 27 ) 


finding a 


(28) 


( 29 ) 
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Th« general solution to (12) is then 


P(l) ■ 3 a ® " I*'* 5 

n«0 ° n»0 n*< 

- 5 b i“*' ♦ 5 

4^ n 4^ n 


where c, and o^ are the two arbitrary constants, 

the a 's are determined as in (21) and (24). 
n 

the b 's are determined as in (26), 
n 

the c are determined as in (25), end 
n 

the a^^'s are determined as in (29). 

II 


(30) 


The expansions in (30) can be shown to converge (Ref. 46) in a 
complex disk whose radios is at least as large as the distance to the 
nearest singularity of q(x) or r(i), i.e. at x = 1. 

A series solution is also osefol for parts of the joint away 
from the tip. In these cases the solution is expanded about an ordinary 
point and Taylor series can be used. The procedore is simple. First, 
assume a solution of the form 


5 a (x-x,)“ 


n“0 


where is the point 
complementary solution, 
coefficient (this is 


about which 
substitute a 
a different 


(31) 

the solution is expanded. For the 
Taylor series expansion of the F 
q(x) than used in the Frobenius 


q(i) 



(x-x.) 

1 


n 


series ) , 
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into the oomplementary equation F" - q(S)F ■ 0. Note that adherend 
properties that are functions of position can be accounted for in the 
expansion of q(l). The solution coefficients are determined by .the 
recursion relation. 


a 

n 


n-2 

n(n-l) ^ *^k*n-k-2 
k“0 


n * 2,3,4,»«* 


(32) 


For the particnlar solution assume a solution of the form 


n i 


Expand r(x) in a Taylor series about x » x^ and substitute into the 
particular equation F” + q(x)F ” r(x). Equating coefficients of equal 
powers of (x-x.) gives a recursion relation for a^^> 

1 A 


.pt 


n-2 




k=0 


2,3.... 


(33) 


n(n-l) 

Although aj^ and a^^ are arbitrary they are not needed for a 
particular solution. They may be set to xero. The general series 


solution to (30) expanded about an ordinary point x >> x^ is 


F - ) (a + a*’^)(x-x, 

4. n a i 

n*0 


This expansion converges (Ref. 47) 
distance to the nearest singularity 


within a disk whose radius 
of q(x) or r (i) , i. e. x 


(34) 

is the 
= 0 or 


i = 1. 
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AMESIVE SntESSES IN THE SCARF JOINT 

In this section the aethods developed for solving the scarf 
joint governing equation (12) are applied to the experiaental scarf 
joints described earlier. Once the load transfer stresses are 
calculated they are conbincd with stresses caused by gross extension of 
the entire joint. Pnis gives actual joint stresses which can ce nsec to 
predict joint strength. 

In calculating the load transfer stresses two practical 
considerations must be satisfied. First, the mechanical properties of 
the adherends vary along the joint. And second, the appropriate method 
of solution, WRB or series, must be used for certain regions of the 
joint. This requires dividing the joint into five regions, each with 
its own solution. The boundary conditions of the individual solutions 
are determined to provide a smooth solution for the entire joint. 

As mentioned in the introduction, page 7, the stiffness of the 
adherends influences the adhesive shear stress. For composites large 
differences in modulus between adherends are possible. Also, load- 
direction modulus can vary with position in a scarfed composite 
adherend. For example, near the adherend tip in Figure 30 the modulus 
E is the modulus of xero degree plies only. Further into the 
joint, at point A, for example, the average modulus is lower because of 
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Fi|ort 30. Changing modnlns at the adherend tip caused by the stacking 
seqnence. 


the -*5 degree plies. The properties of the lower adherend also change 

for the same reason. Figure 31 shows the variation in average modulus. 

E . and Poisson's ratios, V and V , as a function of z for both upper 
z zz zz 

and lover adherends. Properties are shown for only half the joint 
because the shear stress distribution is symmetrical about the center. 


The properties shown in Figure 31 were calculated from laminate 

theory (Refs. 47,48). For ezample, the modulus of section A in Figure 

30 is that of a [02/±45] laminate. The adherends are constrained from 

bending or shearing by being bonded to each other. So it is assumed in 

these calculations that e ^k-k«k >>0. (Ref. 47). In some joint 

zz z z zz 

problems the bending and shearing forces are important, but in this case 
they are email because the adherends are so long and thin. For these 
conditions 


E 

z 



SI* 


ss 


). 


^zz “ 

^ZZ " 


and 
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Flgore 32. Scgions of the scarf Joint for solring the governing 
equation. 

For calcnlatin; the she-ar stress di s tr ibat ion adherend 
properties may be approximated by the dashed lines in Figure 31. This 
gives an exact representation at the end of the adherend. which is the 
■oat important part. Since the lower edherend properties change 
little they are assumed constant at 78.0 GPa, 

V “ 0.2. Properties assumed for the adhesive are E =• 3. 45 GPa and 

XX 

0.3. 


To calculate the shear stress distribution it is easiest to 
divide the scarf joint into five regions. This division is based on the 
adherend mechanical properties and the best solution method for each 
region. Figure 32 shows the five regions. Region one is the sharp tip 
of the adherend. In the case of an adherend with a broken tip this 
region has the mechanical properties of the adhesive. For scarf angles 
of 33 milliradians (two degrees) and less, the adherend load, F, is 
calculated in the form of a WEB expansion, equation (17). For larger 
scarf angles a Frobenius series, equation (30), is used. 

Region two is the end of the blunt adherend. Region four is 
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where the upper adherend nechanical properties change linearly from 
thoce at the tip to those in the Biddle* Figure 31. Taylor series 
expansions, equation (34), are used in both these regions. The series 
in region two is expanded about the blunt adherend tip to provide a good 
solution at the aost important part of the Joint. Because it is so 
close to the singular point at x ■ 0, region two anst be relatively 
small for reasonably quick convergence. Region three siaply connects 
regions two and four with another Taylor series solution. The solutions 
for regions three and four are expanded about their nidpoints and their 
convergence is rapid. 

Region five covers the largest part of the scarf joint, froa the 
end of region four, about x » 0.25 to the middle of the joint, x “ 0.5. 
The adherend load is modeled by a WKB approximation in region five. 

Adhesive load transfer stresses are calculated in the FORTRAN 
programs SC.ARF3 and SCARF4, Appendix iv. SCARF3 uses a Frobenins 
solution for region one and SCARF4 uses a WKB expansion. Otherwise they 
are the same. The adhesive stress data are presented as an adhesive 
stress factor. It is a stress concentration factor which accounts for 
adherend stiffness and broken adherend tips. The adhesive stress factor 
equals the adhesive stress in the 1-2 coordinate system divided by the 
average stress for the entire Joint. It is the same for normal and 
shear stress. The average stress is the stress expected for the ideal 
scarf joint of Figure 4. Deviation of adhesive stresses from the ideal 
are apparent by the deviation of the adhesive stress factor from unity. 
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Fignre 33. Adhesive stress fsctor for several scarf Joints with sharp 
tipped adherends. 


The adhesive stress factors for sharp tipped adherends of 
different scarf angles are plotted in Figure 33. All of the deviation 
from the optimal distribution in Figure 33 it caused by adherend 
stacking sequences. Because of its modulus the tip region strains lest 
than the adherend to which it is bonded. This tends to induce shear 
stresses of opposite sign at each end of the high modulus region. At 
the free end, the tip of the adherend, the adhesive it strained more. 
On the other end, toward the interior of the Joint, the adhesive it 
strained lets. This causes the dip in the cnr^.*. The effect is much 
more pronounced for smaller scarf ang’es. In fact tie interior adhesive 
stress can even change sign. 
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Figure 34. Adhesive strett factors for 20 ■illiradian scarf Joints. 

In Btiiy cases it nay be possible to design adherends to isiprove 
or even eliminate such stress concentrations as in Figure 33. However, 
for repair of laminates the stacking sequence of one adherend is 
predetermined. The remaining options may not be adequate to allow an 
optimal joint design. 

The stress factors for scarf adherends with broken tips 
are plotted in Figures 34 through 36. The effect of tne broken tips is 
limited to a small region, a boundary layer, near the end of the 
adherend, so only that part is shown. The stress for a 20 milliradian 
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A 



Figaie 37. Scarf Joist erota-teclion. 

(1.1 degree) coaposite joint with the tip broken at z ■ 0.016 ia 
nearly five times the optimum value. Figure 34. As pointed out earlier, 
this is equivrlent to breaking the tip off where the adberecd is only 40 
microns (0.0016 inches) thick. Comparison of Figures 34, 35 and 36, 
which are drawn to the same scale, shows that the effect of broken tips 
is much more pronounced for joints with smaller scarf angles. In fact, 
broken tips have practically no effect at all for 110 milliradian 
joints, as Figure 36 shows. So smaller angle joints are more sensitive 
to both adherend stiffness and tip breaks. 

The adhesive stress factors of Figures 33 through 36 account 
only for the adhesive stresses required to transfer load between 
adherends. In addition to those stresses an eztensional stress will be 
induced in the adhesive by eztensional strain of the entire joint. The 
whole joint will strain an amount depending on the load and the section 
itiffness. The average stiffness of the joint at any section, say A in 
Figure .17, is approzimately that of the laminate away from the joint. 
This is true because the stacking sequence at A is identical to that of 
the laminate away from the joint ezeept for a small pert where the 


adhesive is. 
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Diiregardicg the load carried by the soft adhesive the entire 
Joint will strain in the load direction by an amount 


t ■ 
X 


xxlam 


'xlam 


ext 


adhes 


wE 


xlam 


adher cosa 

where the term in parentheses is the load carrying thickness. The 
stress in the adhesive due to this strain is 


E -V 5 

auhe^ r 


ext 


adhe s 


_ adhes 
adher cosa I "zl am 


( 25 ) 


To superpose the load transfer stresses and the stress due to 
extension, they must be expressed in the same coordinate system. In the 
1-2 coordinate system the stresses due to tension are 


^^llextens 



{l+cos(-2a) )</ 

XX 


T 


12extens 


•jsin(-2u)a 


XX 


22extens 


■:r(l + cos(jT-2a) Jo 

2 XX 


Adding these stresses to the load transfer stresses gives the total 
adhesive stresses 


lltot 


(1+.* ■«si-2a) }o , 

XX 


12tot 


. F cosa sina 

-4»in(-2o)o + K , . 

2 XX str wt .. 

adher 


22tot 


. F cosa sina tana 

4u+cos(!i-2a)}o + K 

2 XX str wt 


adher 
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where is the stress co see u t r s t ion factor for a par 


ticnl ar 


location in the joint. 


Snbstitntini froo (35) and setting applied force 

resultant, equal to unity gives 


1 E .. 1 

1,,^ .... adhes 

"mot 1— , j— 

xlaa ^ adhes 

adher cosa 


1 . / , . *^adhes 

'i2tot ‘ rr~ 


cosc sma 


, / i jv \ sir i jv 

xlam / adhes adher 

I adher cosa 


xl am 


^ _sin^ 

t .. \ str t .. 

adhesi adher 


adher cosa 


These are the adhesive stresses for a unit applied force resultant 


The maximoB stresses per unit load are 


„ / 2 . ( ‘^lltot”®22tot^^ 

z i sod 

max y lltcc I 2 I 


"lltot"^ ®22tot 
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Distance from the End of the Joint (millimeters) 

Figare 38. MaziBoja shear stress di..tribution for several scarf joints. 

They can be calculated for a particular joint once is known. 
The maziBUB noraal and shear stress distributions for unit load are 
plotted for several scarf joints in Figures 38 and 39. The load is one 
Nevton/aeter applied to the laainate and z^ . > 0.012. Only half of 

tip 

the 20 ailliradian scarf joint stress distribution is shown because the 
joint is so long. These plots show the effects of adherend stacking 
sequence and broken adherend tips in terns of actual joint stresses and 
diaensions . 

These stress distributions deaonstrate the lower than ezpected 
scarf joint strengths for saall scarf angles. In these plots the ideal 
stress is very nearly the value shown at the aiddle of each joint. In 




Distance from the End of the Joint (millimeters) 

Figure 39. Muxiaua normal stress distribution for several scarf joints. 

Figure 39. for example, the end stress it SO percent higher than the 
ideal for the 110 milliradian joint, 70 percent higher for the 70 
milliradian joint and 100 percent higher for the 20 milliradian joint. 
The strength of the joints is therefore decreased much more for the 
small scarf angle joint. 

To translate these calculated stress values into predicted 
strengths ultimate stresses are needed. They can be calculated from the 
experimental strength data for the 110 milliradian scarf joints. These 
data are the most significant because there are many more data values. 


Also, the effect of broken adherend tips is small for scarf angles 


Scarf Joint Strength (GN/m) 
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Fignre 41. Predicted tcerf Joint strength based on mazimuD ncrcal 
stress . 

As the carves show, broken adherend tips can explain the 
lover than expected experinental scarf Joint strengths. For example, 
the strength predicted for the scarf Joint with relatively small 
breakage of 0.016 agrees with the actnal strength of the 19 
■illiradian (1.1 degree) scarf Joints. 

An article pnblished by Thamm in 1976 (Ref. 7) supports the 
redaction in strength for sdherends which are not perfectly sharp. 
He studied the effect of partially thinning the adherends of Ian joints 
to rednce the shear stress concentrations. This is the same as scarfing 
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the tdherende. He conclades that the edherends nnst be completely 
sharpened to obtain a anbstantial increate in joint strength. Thamn 
also points ont that even slight damage to the edge of a sharpened 
adherend oan cense a significant decrease in joint strength. His 
oalonlations , however, are limited to very short scarf joints, 
equivalent to abont 0.5 radian scarf angle for the joints stndied in 
this paper. Also, for Ihamm's joints a relatively sharp adherend has an 
equivalent 0.1. Under these limitations the sensitivity of 

snail angle scarf joints to ertrenely snail bluntness and to adherend 
tip stiffness is not apparent. 

Another paper which supports the results of this one is by Adams 

and Peppiatt (Ref. 32). They apply the finite element method to a 36 

milliradian (2.1 degree) scarf joint with a blunt tip, ^ 0.1. 

tip 

This analysis shows a stress boundary layer similar to Thamm’s. Again, 
however, the tip bluntness is much larger than those considered here. 

An impoitant question is just how much, if any. are the tips 

actually broken or left blunt. Since each experimental repair specimen 

actually bad two scarf joints, the unbroken scarfs can be examined for 

bluntness. Microscopic examination of several joints revealed adherend 

tips from 10 to 100 microns thick at the end, with most around 30 

microns. This is equivalent to z^, of 0.012. A micrograph of a 

tip 

typical adherend tip is in Figure 42. 
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Figure 42, Cross-section photomicrograph of specimen number 1-21-3. 
The scarf angle is 110 milliradians and the tip is 50 microns thick. 

The predicted strengths in Figures 40 and 41 suggest that a 10 
milliradian scarf joint with 0.004 might reach the goal strength. 
It will clearly be very difficult to actually construct such a joint for 
a practical application. Also, it may be impractical simply because of 
the size of the joint. A repair of this scarf angle bonding 2.5mm thick 
laminates would be 460mm (18 in.) wide jnst for the scarfs. Many repair 
sitnaticns may not permit such large repairs. Certainly the strength 
gained by letting the scarf repair extend above the original moldline, 
page 33, must also be considered. 
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As Bentioiied before, it is possible to build stroager Joints 
when the sdherend stacking sequence can be controlled, n simple example 
is bonding unidirectional laminates. Such adherends would not have 
stress concentrations caused by the modulus changing along their length, 
as in Figure 33. They would, however, still be sensitive to broken tips 
and the goal strength would be higher. The best laminate for bonding 
would have the stiff plies near the middle with the softer plies on the 
outside. This, unfortunately, is the worst design if laminate bending 
stiffness is needed. 
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UrO DIMENSIONAL SlUSS DISTRIBUTION AT THE AMESIVE ENDS 


Th« adhaslT* stresses aesr the ends of the Joint Tery throngh 
its thickness for two reesons. First, the stress distribution is 
different on the upper and lower interfaces because one adherend ia 
continuous and the other is not. Second, the sudden change in applied 
load at the end of rhe adherend induces significant normal stresses i.n 
the adhesive, especially for joints of saialler scarf angles. 


The reason that noraal stresses are induced inaide the adhesive 
is to satisfy two diaensional equilibriua reqnireaents . The equilibriua 
equation (Ref. 49/ 


alT' ■air"’ 

requires that a noraal stress gradient in the 2-direction balance the 
shear stress gradient in the 1-direction. Such a gradient is apparent 
in Figure 34, for exaaple, where the adhesive stress factor rises 
rapidly froa near zero to a large value where the broken adherend tip 
is. This arguaent snggesta that there aay be significant noraal 
stresses in the adhesive but doesn't indicate their values. 
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Figure 43. The recteagnlar region for tvo diBentioaal anelysii. 

The tro diaentional itres* distribution can he approziaated by 
nsing stress function solutions for a rectangular region with Fourier 
series boundary conditions (Ref. SI). The appropriate rectangular 
region is shown in Figure 43. It eitends across the adhesive and far 
enough to either side of the sdherend tip that the stresses are constant 
through the adhesive thickness. 

Approziaata boundary conditions can be easily deterained froa 
the results of the preceading analysis and froa equilibriua reqnireaents 
for the entire rectangle. On the upper boundary. z,« -ft /2. 
of the rectangular region the shear and noraal stresses calculated in 
the previous section apply. That is. shear stress rises quickly from 
zero on the left to a large value at the adherend tip and then drops 
more gradually, see Figures 34 through 36. Nomal stress is propor- 
tional to the shear stress, equation (S). Stresses at the ends of the 


75 


ORIGINAL PAGE IS 
POOR QUALITY 




FigTtrt 44. Bouadtry stratscs for tht tvo-diaansionil analyiit. 


rectangnlir region ate assnaed conatant and oqnal the atrestes at the 
upper boundary. Thia is appropriate if the upper boundary and lower 
boundary streeaea are changing alowly. 


On the lower boundary, z, • -t .. /2, atreaaea are asauaed 

* adhea 

to change acre aaoothly than on the npper boundary becanae there ia no 
di acontinuity in the adherend. The atreaaea aoat equal the upper 
boundary atreaaea at the enda of the rectangular region. In addition, 
lower boundary atreaaea auat balance the forcea on other aurfacet to 
maintain equilibrium of the rectangular region. 


Boundary conditiona which aatiafy theae criteria on the upper 
and lower boundariea for a acarf joint with a acarf angle of 20 
■illiradiana (1.1 degreei) and 0.012 are plotted in Figure 44. 
The boundary conditions are for a region 3 nillineters long. The nonsal 
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• tr«ts OB the lo^ftr boundary. Uj,. ooMprisat two coaponantt. Cna 
aaintalna vartical aquilibrina, iscludini tha tlowly cbaagini ahaar 
atraaa on tha right hand aida for all z graatar than two ailliaatars. 
Tha othar ooaponant haa rare wartioal raanltant and balanoaa tha roaant 
of all oth^r atraaaaa. It it eantarad diraetly nndar tha and of tha 
adharand tip on tha nppar boundary. 


Two atraaa funotiona are raquirad to rapraaant thaaa boundary 
conditiona for the rectangular region. One ia in terma of aine 

function? and the other i» in teraa of cosine functions. The first 
atraaa function ia (Ref. 50) 

4 ■ ainPz^CCjCoahPz,'*- CiSinh^z,-*- C,z,coahPz,-^ C^z^ainh^z,) , 

whart P " nn/L. Tha corraaponding atraaaaa are 


9*4 

0x1 " aTj “ sinpzj {CjP»cothPx»+ C,p*sinhPx, 

C^P(2alnhPzj-*’ Pz,coahPx,) 

+ C^pCZcoahPz,-*- Pz^ainhpx,) ) , 

®ii “ J7* “ -p*ainPxj(CjCoahp.t,+ C,ainhPz, 

> C,x,coahPz,-*- C^x,ainhPx,) , 

= -pooaPZjtCjPainhPx,-*- C^Pcoahpz, 


3»d 

dZiCz, 


( 38 ) 


C, (coahPz,-*- px,ainhPx,) 
(ainhpZj-*- Pz,coahPz,)} . 
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And the second stress function is 

d * cosPx^(C^coshpXj+ CjSinhPx,-*- C,x,coshPXj+ C^x^sinh^x,) 
with the corresponding stresses 

®xi " l^s “ cosPx,{CjP»coshPx,+ C^P*sinhPx, 

C,p(2sinhPx,+ Px,eoshPXj) 

+ C4p(2coshpx,-*- pXjSinhpx,)} . 

BU 

o,, = = -p*cospx,(CjCOshPx + CjSinhPx, 

+ CjX.coshpi.T C^XjSinhpXj) , 

3^ = PsiuPx^{CjPsinhPXj+ C,pcoshpx, 

+ C, (coshPx,-*- pXjSinhPx,) 

+ C^(sinhpx,+ Bxjcoshpxj)} 

The stresses are ell in teras of sinpXj^ or cospxj^ multiplied by 
functions of x, only. Any boundary conditions on the upper and lower 
boundaries which can be represented in the form of Fourier series can be 
nsed by superposing stress function solutions of this form. The 
functions of x, must squal the Fourier coefficients of the 
sine or cosine terms st the boundaries. 
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The boandery conditions of Fignre 44 may be represented as 


tnorO . 
®lltop “ 2 


? nnXj 

2/tnorn*®* L 

n“l 


*tahrO 


'12top 


llbot 


I 


+ 7 ^ cos 


nnx. 


n“l 


tshrn'''" L 


( 40 ) 


^norO . \ nnx, 

2 2 Snorn®®* L 

n*l 


and 


’^IZbot 


*bshrO , T nnx 

2 2 *bshrn®°* L 

n*l 


Csing the cosine series has the advantage that the stresses don’t change 
suddenly at the ends of the reclan«le. 

Once the Fourier coefficients are known they are used to 
deternine the coefficients through in equations (38) and 
(39). For exanple, for each value of n the coefficients in (38) must be 
determined so that 
Ojj ■ 0 and 

for x,» +t .. /2, and so that 

* adhes 

Ojj » 0 and 

“ •bshrn®®*P*x 


for Xj= This gives four equations for the unknowns 

through for each value of n in (38). The reason Oj,= 0 for this 
case is because it is a function of sin0x^ in (38), the Fourier 
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Figaro 45. Stress function boundary conditions to inpose shear stress 
on only one end of the rectangnlar region. 

coefficient of vhich is zero, equation (40). The boundary condition for 
is represented by the second stress function, equation (39). 


Two additions to this solution are required. The rectangular 
region has a constant shear stress on the right hand end and no shear 
stress on the left hand end. Equilibrium can be maintained only by 
normal stresses applied to the u^per and lower boundaries. For 


equilibrium the coefficients unequal. 


application of snch a boundary condition requires superposing stress 


functions e t th boundary conditions as shown in Figure 45. The resulting 




80 


stress function is 


* - I'M*. + 1^*! 


where b. 


end 


*tnor0 *bnorO 
2 * 

edhes 

*tnorO ^*^edhes 
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( 41 ) 


This stress function is s coabinstion of second end third order 
polynoiaiai stress functions (Ref. 51). The corresponding stresses are 

«'ix = 

®ss * '>•*1 + »» 

This nndesired linear sheer stress is eliminated by including s 
compensating linear term in the boundary condition for ^^ 2 * 


The second addition to the solution corrects the 1-direction 
normal stress. The procedure so far gives a linearly increasing 

0^2 with a parabolic shear stress distribution across the adhesive. 
Since neither of these stresses has been specified in the boundary 
conditions their values are not surprising. A linearly increasing 
O 21 through the entire joint is unreasonable, however, and it can be 
eliminated by superposing one more stress function solution. It has the 
form 

+ |jx» + J^XjX* . (42) 

This stress function is a combination of second, third and fourth order 
polynomial stress functions (Ref. 52). The coefficients are determined 
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from the slope of o ^ 
the rectsagulsr region. The 

^11 “ - - »»» 


a„ - 0. 


end the values of st 

corresponding stresses sre 


the ends of 


The stress distributions for a cross section of adhesive 
calcnlated by this aethod are shown in Figure 46. The boundary 
conditions used are for a 20 niliiradian (1.1 degree) scarf joint with 
the adherend tip broken at x = 0.012. The adhesive cross section is 3 
ailliaeters long and 0.2 ailliaetc's wide. Note that these dimensions 
are not to scale in Figure 46 so hat throngh-the-thickness variations 
can be seen. These stresses are calculated by the FORTRAN program SF3 
in .\ppendix v. Note that the normal and shear stress boundary 
conditions shown in Figure 44 are satisfied. 


The most interesting feature of this stress distribution is the 
<^11 induced by gradients in the other stresses. Although only about 
40% as large as the shear stress it is certainly significant. The 
magnitude of this stress depends on the steepness of the shear stress 
curve S' shown in Figure 34. ..ince these stress gradients are larger 
for joints with smaller scarf angles the induced stresses will also 
be more important for small scarf angles. 


An interesting possibility is that such a ncrnal stress might 
actually cause failure to begin in the adherend rather than the 
adhesive. Composites are notorious weak m the transverse direction 
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and exparimental evidence of inch failure was observed in Figures 14 and 
15. Such normal stresses may also be important, in the failure process 
itself where the shear stress changes suddenly at the tip of a shearing 
mode crack. 
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The induced strass may explain why strength values in Figures 40 
and 41 fall on curves corresponding to different values of 
The induced normal stress would be expected to lower the joint strength 
for smaller scarf angles. This is exactly how the prediction curves are 
off. Joints wiih scarf angles cf 33 and 52 ailliradiaiis fall on 
prediction curves for between zero and 0.004 in Figure 41. The 

strength of the 19 milliradian joint corresponds to ^^^P around 
0.01. The data of Figure 40 are similar. 
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SCARF JOINTS WITH DOUBLERS 

Bonding a donblar over a coapltted joint is a couon way to 
rtinforca it. Howevar< oarefnl design is important becanse addition of 
a donbler doesn't necessarily increase Joint strength and may actually 
lower it. Doubler design is complicated by the addition of another 
adhesive bond which is a potential site of failure initiation. Also, 
bending induced by the doubler influences the load at which failure will 
occur in the scarf adhesive. 

This section presents experimental data for scarf joints with 
doublers. Both full-length and multiple short doublers are evaluated. 
Also, a bending model is suggested with limited experimental verifica- 


tion. 
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Figure 47. Scarf joint with a full length doubler. 

Several 110 milliradian (6.2 degree) scarf joints, as shown in 
Figure 47. were tested with doublers of Hercules carbon/epoxy and 
Ti-6A1-4V titaniuB to aeasure their tensile strength. The specinen 
diaensions ere d * 2 Sbd, 1 > 25 obb and they wer'* noainally 25 aa wide. 
The stacking sequence of tho carbon/epoxy doublers was [90/0/0/90]. The 
titaniuE doublers were 0.64 bub (0.025 inches) thick. 
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Ttble II 

Strength of 110 Milllraditn Scarf Joints with Full-Length Oonblers 


Donbler Geoaetry Width 

(ma) 

Untapered Carbon/Epozy 25.0 

Untapered Carbon/Epozy 25.0 

Untapered Carbon/Epozy 24.4 

Tapered (0.10 rad.) C/E 25.0 

Tapered (0.10 raJ.) C/E 24.3 

Tapered (0.05 rad.) C/E 25.4 

Tapered (0.05 rad.) C/E 25.5 

Tapered (0.05 rad.) C/E 25.4 

Tapered (0.05 rad.) C/E 25.2 

Untapered Titanina 24.9 

Untapered Titaniua 25.5 

Tapered Titaniua ?4.9 

Tapered Titaniua 25.1 


Plain Scarf Joint 
(No Doubler) 


Ultiaate Ultiaate In-Plane 


Load 

Force 

Reaultant 

(kN) 

(kN/m) 

(Ibf/in) 

15.0 

598 

3430 

15.4 

616 

3520 

13 5 

553 

3160 

22.4 

893 

5120 

21.8 

878 

5020 

21.6 

850 

4860 

20.8 

816 

4660 

21.6 

850 

4860 

21.8 

865 

4940 

10.2 

409 

2340 

15.2 

594 

3400 

18.5 

742 

4240 

13.2 

728 

4140 


648 

3700 


The strength data are in Table II. They axe consistent for all 
speciaen types ezcept for those with untapered titaniua doublers. This 
variation may be caused by sensitivity to flaws at the end of the 
donbler adhesive aggravated by tbe very stiff doubler. The data for 
untapered doublers indicate the importance of proper design for 
increasing the repair strength. All of these joints have lower strength 
than the plain scarf joint. The data are limited, however. 


87 


0R»6’*NAL 

OF 


PAG£ 

qV'M'TY 



Figure 48. Strain at the ends of severil doublers. 


The section stiffness of the end of the doubler is iaportant to 
joint strength. The strength of speciaens with tapered doublers is 
greater by about half than those with untapered doublers. Strains 
aeasured at the doubler ends also show the effect of doubler stiffne.^s. 
Nicrostrain versus load for each of the four doubler types is shown in 
Figure 48. For all cases the stiffer the doubler '^rd, the lower the 


strength of the Joint. 
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C-O failur* 

D-E Connivt fwlurt 
E-F Adh«iv* failurt 
F-G Coitacivt failur* in laminatt matrix 

Figure 49. Mixed mode failure. 

The ipe> iment with untupered doublers and those with tapered 
titanium doublers failed in the same mode. In each case the adhesive 
separated from the 'original laminate’ aMer the doubler and part way 
along the scarf joint, as shown in Figure 49. At that point there was a 
3 mm to 5 am wide band of cohesively failed adhesive. Here the adhesive 
failure changed to the 'replacement piece' side of the joint. Also, the 
failed adhesive surfaces under the doubler were dark, indicating that 
failure occurred in the matrix. For the tapered t'tanium doubler 
specimens the adhesive separated from the doubler near the end. rather 
than from the laminate. This region extended along roughly half the 
taper length. In addition, all the carbon/epoxy doublers had 
interlaminar separation between the zero degree plies and the bottom 90 
degree plv. Also the exposed ends of all scarf joints had a strip of 
adhesive corresponding to ABC in Figure 49. All the scarf joints had 
pulled-out 4S degree plies, usually two sets near the doubler and one 
set near an exposed end. Interestingly, the strongest specimens, those 
with tipered carbon/epjxy doublers, failed in a different mode. 
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C-0 Cohaivt failurt 

0-E Failure throui^ doubiar 

0-F O^baaiva failure in larnmata matrix 

Figure 50. Coheiive failare 

The plain jcarf joints and those with the tapered carbon/epozy 
donblera failed predoainantly in eohetion. That ia, the adhesive 
separated froa itself, rather than fron the adherends. Cohesive failare 
occnrred over the soarf Joint snrfaoes as shown in Fignre SO. On one of 
the carbon/epozy doubler specinens the donbler adhesive separated froo 
the 'original laninata.' D-F in Fignre 30. The separated adhesive 
surface was dark, like the laninate natriz, indicating that failare 
actually (ccarted in a very thlr oat>x Isyer of the natriz. The other 
donbler broke in two as shown at E-D in T^lgure SO. 

The two failare nodes correspond :o the locations where failare 
began. The cohesive failures, in the plain scarf joints and the joints 
with tspered carbon/epozy donblers, began at the end of the scarf 
adhesive. The other failures began at I s ead of the dosbler. That 1& 
why the section stiffness of the doubles ends is so '.aportant to joint 
strength. Tapering the carbon/epozy '*onblcr relieved the donbler 
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Fi|or« SI. Scarf Joint with saall taparcd donblart. 

adhesive stress concentration enough that the scarf adhesive failed 
f irst. 


The stress concentration in the scarf adhesive may be the canse 
of fracture through the adhesive at A-C. This path corresponds with the 
highly stressed region shown hy analysis in proceeding sections. 

It may be possible to lower the stresses a*sociated with 
bending, and strengthen the joint, by bonding s,sall doublers over tb'^s 
adherend tips. Small doublers are desirable because they may be used in 
repairs where one side of the laminate is accessible only thron.^h the 
hole being repaired. Also, they induce less bending of the joint than 
larger doublers. 

A series of S2 millirtdian (3.0 degree) scarf joint specimens 
with small tapered doublers, as shown in Figure 51 were tested to 
evaluate this idea. These doublers were also of sarbon/epoxy with 
[90/0/0/90] stacking sequence, tapered at a 100 milliradian angle by end 
milling. The two sets of finished doublers were IS mm and 30 mm from 
t'p to tip. The strength date are in Table III. 
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Table III 


Strength cf Scarf Joiata vith Short Donblers 


Specimen 

Doubler 

Width 

Ultimate 

nicimate 

In-Pl ane 

Number 

Length 

(mm) 

Load 

Force Resnltant 


(mm) 


(kN) 

(kN/m) 

(Ibf/in) 

3-43-1 

15 

23.1 

26.8 

1160 

6510 

3-43-2 

15 

24.4 

27.5 

1130 

6440 

3-43-3 

15 

24.0 

24.0 

1000 

5710 

3-43-4 

15 

24.6 

23.0 

939 

5340 

3-103-1 

30 

25.5 

26.5 

1040 

5930 

3-103-2 

30 

25.6 

24.0 

939 

5350 

3-103-3 

30 

25.6 

28.9 

1130 

6450 

3-103-4 

30 

25.5 

26.0 

1020 

5820 


Plain 

Scarf Joint 990 5650 


The strength of the specimens with small doublers average only 
slightly higher than the plain scarf joints. Although the failure mode 
is unchanged the failure locations are different. Specimens without 
doublers failed in the 'replacement piece' of the joint. Specimens with 
15 mm donblers failed in the 'original laminate' part of the joint. And 
specxjens with 30 mm donblers failed in the 'replacement piece' of the 
joint. An exception is the weakest specimen with 30 mm donblers which 
failed through the 'original laminate.' In general, the donblers were 
too small to redistribute the joint load adequately. The change of 
location of the failure is probably due to bending induced by the 
doublers. 
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Slaoo btadlag it iaportant to Joint ttrongth tn nnnlytionl aodol 
it nteotttry to prtdi'.c joint ttrtngtli. It it bttt to ttptrttt th« 
gtoattr iotl ly non-linttr bonding problta froa tht linttr lotd trtntfar 
problta of tht prtettding coctiont. Tht bonding atrottta night than bt 
oalcnlatod for a teritt of Joint lotdt and than coabinad with the 
corresponding load transfer stresses. 


This section proposes a bending model and limited experimental 
data to Torify it. Whan tha repair is loaded ita deflection aovaa the 
nau*^ral aorfaca, changing the aoaant diatribntlon of tha aocantrlc load 
force. The noaaat at most sectiona dacraaaos considerably with initial 
deflection. This is the source of the geometric non-linearity. 


The moaent distribution and strains for a specimen with joint 
adhesive layers can be calculated from beam theory, regarding the 
laminate as an elastic layered bean at each section. All parts of the 
specimen must satisfy the beam deflection equation: 


d*y F(yro) 
dx* ’ (El) 


( 43 ) 


Tha effective bending rigidity at any location of ac N-layered 
specimen is calculated from the relation 
N 

(El) - ^ E I . 

L, n n 
n«l 


( 44 ) 
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Figure 52. Regions of s sctrf Joint with a doubler. 

This equation accounts for the lower stiffness of the adhesive layer and 
the associated change in the location of the neutral surface. Figure 52 
illustrates the layered beaa. For exaaple* in region 3. ho to 
hj^ is the stiff lower layer of the original laainate. hi *0 
h 2 ia the lest stiff adhesive layer, h 2 to hj is the replacement piece 
layer, h^ to h^ is the doubler adhesive layer and, finally, 
h^ to hj is the doubler. This model may be adapted for laminated 
adherends by treatina each lamina as a separate layer as in the FORTRAN 
program DEFLCOMP in Appencix vi. Linear distribution of bending strain 
through the section is assumed in all cases. 

Equation (43) may be solved by numerical integration, iterating 
the boundary condition (i.e. the midspan deflection) until the end 
deflection is zero. When the deflection at a section is known the 
moment distribution and surface strains can be calculated. 

A plot of the surface strains predicted by this model for an 
aluminum specim.n is shown in Figure 53. Inspection of the specimens 
showed that the adhesive layers of some were tapered, rather than 


Micro-Stroin 
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nnifora. and this was aoconntad for n tha daflaotion nodel. Tha 
azparlmantal strain data in Fignra 53 corraspond vary wall with tha 
pradictad strains. 

Tha thaoratieal and azpariaantal snrfaca atrains for scarf joint 
rapairs of two earbon/apozy laainata spaciaans with carbon/apozy 
donblars ara shown in Fignras 54 and 55. For tha apaciaen raprasantad 
in Fignra 55 strain gagas wars plaead as closa as possibla to tha 
sdhasiva on tha lower surface. Predicted strains and azpariaantal 
strains agree very well ezsept for the strain near the adhesive on the 
bottom surface. This strain is considerably lower than the average 
predicted strain for the region the strain gage covers. However, this 
region is a stiff part of an adherand (zero degree plies only) adjacent 
to the soft adhesive. This is a likely place for tha beam theory 
assumption thnt plane sections remain plane to not hold. The measured 
strain would, therefore, be lower than ezpected. Fortunately, it is 
precisely this affect that the load transfer model accounts for. 
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top surface 



bottom surface 



Figure 54. Predicted and experimental suiface strains for a carbon/ 
epoxy scarf Joint with a carbon/epoxy doubler. 


Mic ro - St r ain 
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top surfoce 



bottom surface 



Figure 55. Predicted and experimental surface strains for a carbon/ 
epoxy scarf Joint with a carbon/epoxy doubler. 
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Apptndix i. BENDING OF A SPECIMEN WI1B A 1EICK SECTION IN IHE NIDXE 


y 



Half of a fpecisen with a thich taction ic the Diddle. 

This tnecimen bendt along its entire length becante the 
eccentricity of the thicker aection and the bending deflection it canaes 
both sake the nentrtl axis eccentric to the load. Only half the 
Lpeciaen raqnirci analyiii becante it it tysBetric. 

All tactions of the tpacimen antt satisfy the beam deflection 

aqnatinn 

d»y M 
dx» “ El 

where M it the Doaent 

E it the x-direction elastic nodnlnt and 
I it the Doaent of inertia. 
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Lcttiag • " (tj - t2)/2, th« •oetntr Ic 1 ty of th« thloktr 
••otlon «h«B and# flootod. tht Boaont along tkt bar Is 


( F(a+y) 


N - ( 


< Py 


for 0 i X i dj 
for dj < X i dj 


For 0 ^ X ^ dj than 

51^ " rr * y’ 


where sad are the elastic modulus and nonent of inertia of 
the thicker part of the bar. The aolnClon of this differential eqnation 
is 


y - C 


« To; • * v4:f 


X - e. 


•1*1 


1*1 


Introducing the boundary conditions y ~ y, and dy/dx 0 at x ■ 0 the 
solution is 


y - (e ♦ y,) cosh x - e. 

y^ Bvst be oalonlated last beoanse it depends on the deflection of 
the thinner part of the bar. 


For dj < s ^ d 2 the differential eqnation is 

. _L , 


di* E.I. 


where E^ and I 2 sre the elastic modulus and moment of inertia of 
the thinne. part of the bar. Its solution is 




/ F 

/s— T- X 
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The boundary conditions require that the slope and deflection of 
both parts of the bar be identical where they aeet. Therefore at z ■ d. 


y - (e ♦ y,)eosh ~ • ■nd 

* ■ * J*’ /eX 


The two reaaining constants of integration are then 


ACe --^(E-l)e + (AC - -^)y. 


, (E,m D tAC-f(E-l)le ^ , p <AC - 

« G G BD» G G „ BD» 

~ ■ g“ 


BD» 
" G 


where 


'/E,I, ' 






“ cosh d,. H ” sinh d,. I ” cosh <*,. 


Using the condHion that y = 0 at z ■ d,. 


ACeGH - BD(E-l)eH (E-l)el . DACoGI - BD»(E-l)eI 


BG» - BD* G BG> - BD*G 


HACG - BDEH . El DAOGI -BDEI 


EG* - BD* G DG* - BD»G 
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The end slopes of composite specimens tre cnlcnlsted from these 
relations. At x > d, the slope is 


dx 






- C,BI + C^BH 

However, section moduli (E^I^'s) which give bending stiffnesses equivalent 
to those of the inhomogeneous composite and the composite-doubler must 
be used. For tho thicker section, the section modulus may be calculated 
by treating the specimen as a layered beam. Note that the difference 
between bending stiffness and extensional stiffness must be accounted 
for. The effective properties are 

Ejlj - 6.37 Nm» and 

E,I, » 4.64 Nm* . 


The end slopes are calculated with the FORTRAN program SLOPE. 
The program and sample output follow. In SLOPE the coordinates are 
y, z and 1 in place of x. y and d. 



FKINT 

1000 

1010 

1020 

1030 

1040 

lOSO 

1060 

1070 

loao 

lOVO 
1 100 
1110 
1120 
1130 
1 140 

1 mo 
1160 
1170 
I 100 
1190 
1200 
1210 
1220 
1230 
1240 
12S0 
1260 
1270 
1280 
1290 
1300 
1310 
1320 
1330 
1340 
13S0 
1360 
1370 
1380 
• 


SLOF-E 

•l<ESer FREE 

C CALCULATE THE IiEFLECTIQN AND END SLUFE OF A DEAN UITH STEF 
C CHANGE IN THICKNESS 
C SI UNITS 

DOUBLE FRECISION FORCE >E 1 1 1 1 E2 12 > At b >C • D>E > F >0>H> 1 1 J.K iL 
1 Z0>CS>C6>DZDYrLl>L2«CCC>DEN0H 

F0RCE=7000 

C FOR T IE CONF'OSITE LATER UITH A DOUBLER: 

El 1 1>6.374D6 
E2I2=4.636D6 
ECC»0.25 

A^DSQRT < FQRCC/E 111) 

B>DS0RT(F0RCE/E2I2) 

DO 1 N1>2S>7S.2S 
L1»N1 

UNITE <6»200) LI 

200 FORNAT </lX/* LI IS *F4 . 1/3X *L2 * 8X * ZO * 1 1 X • DZDT * > 
C»DSINH(A«L1 > 

P^DSINHlbCLl ) 

E^DC0SH<A«L1 > 

F°DC0SH<B«L1 ) 

DO 2 N2>100f 200> 10 
L2»H2 

Q>DSINH(b«L2) 

H^DC0SH(D«L2> 

DENOH=B*F-B*D*D/F 

I>(A«C«ECC-B«D«(E-1 .0)«ECC/F)/DEN0N 

J»<A*C-B*D*E/F)/DENOH 

K=<E-l.0)4ECC/F-D«I/F 

L»<E-0*J)/F 

Z0»-( I«GFK«H)/( J4QFL4H) 

C3»I+J*Z0 
C6»KFL«Z0 
DZDY>B«C3*HFB«C6«G 
UNITE (6i201) L2>Z0>DZDY 

20 1 FORMAT ( 4XF4 . 0 > 2X IRE 1 2 . 3 » 2XE 12.3) 

2 CONTINUE 

1 CONTINUE 
END 


Ll IS 

23.0 


L2 

ZO 

DZDY 

100. 

-1 .33639E-01 

3.86394E-04 

1 10. 

-1. J3794E-01 

2.62094E-04 

120. 

-1.33836E-01 

1.77740E-04 

130. 

-1.33883E-0t 

1 . 20S22E-04 

140. 

-1.3389BC-01 

8.17t98E-05 

ISO. 

-1 .33904E-01 

S.S4087E-0S 

160. 

-1 .33907E-01 

3.7S686E-05 

170. 

-1.33908E-01 

2.54724E-03 

180. 

-1.33909E-0I 

I.72709E-0S 

190. 

-1 .33909E-01 

1 . 17100E-03 

200. 

-1.33909E-01 

7.93963E-06 


t.l IS 

30.0 


L2 

ZO 

DZDY 

100. 

-1.977S2E-01 

1.22B34E-03 

1 10. 

-1 .982S4E-01 

8.33907E-04 

120. 

-1.98483E-01 

S.6S739E-04 

130. 

-1 .98391E-01 

3.83687E-04 

1 40. 

-1 .98640E-01 

2.60180E-04 

ISO. 

-1 .98663E-01 

1.76417E-04 

160. 

-1.98673E-01 

1.19618E-04 

170. 

-1.98678E-01 

8. U044E-OS 

180. 

-1.98680E-01 

5.4990BE-05 

190. 

-1 .98681E-01 

3.728S0C-05 

200. 

-1.986B2E-01 

2.S2800E-OS 


Ll IS 

75.0 


L2 

ZO 

DZDY 

100. 

-2.24631E-01 

3.31881E-03 

1 10. 

-2.26192E-01 

2.26S18E-03 

120. 

-2.26917E-01 

1.S40S4E-03 

130. 

-2.27251E-01 

1.04S99E-03 

140. 

-2.2740SE-01 

7.09665E-04 

ISO. 

-T2.27476E-01 

4.81312E-04 

160. 

-2.27309E-01 

3.26384E-04 

170. 

-2.27S24E-01 

2.21J09E-04 

180. 

-2.27S31E-01 

1.300S7E-04 

190. 

-2.27334E-01 

1.01743E-04 

200; 

-2.27S35E-01 

6.89842E-05 


ORIGINAL PAGE IS 
OF POOR QUALITY 



ORIGINAL PAGE IS 
OF POOR QUALlTf 


Appendix ii. NEIEOD OF MAKING SCARF JOINT SI^CIMENS 

Tlie experimental apecimens ware made, by bonding beveled laminate 
panela and cntting them into tensile coupons. The carbon/epoxy panels 
were of Hercules ASl/3501-6 with a [0j/±45/9O/+45/Ojlg atacking sequence. 
They were vacuum bag cured at 590 kPa (8S psi) and 175^ C (3S0°F) 
for two hours. 

The panels were beveled on a surface grinder while taped to a 
wedge-shaped block (Figures iil-ii5). The wedge-shaped block. Figure 
iil, holds the panel at the desired scarf angle. Two blocks, with 
angles of 33 milliradians and 52 milliradians were used. The blocks 
were made by surface grinding a steel plate about 200 mm x 125 mm x 20 
mm (8 in X S in x 3/4 in) on one side to provide a flat surface. 
Milling the plate on the unground side formed the required angle. When 
beveling the panels the magnetic chuck of the surface grinder holds the 
plate with the milled side down and the panel taped to the top. Figures 
ii2 through ii4. A 110 milliradian jig was made for the larger angle 
scarf joints. The jig and wedges can also be used taped one on top of 
another for other scarf angles. 

The laminate panels were held to the wedge-shaped blocks with 
double-faced cloth tape made by Permacel. The panel is first aligned 
with the edge of the plate and then pressed down against the tape by 
hind, with extra pressure along the edges of the panel. Careful 
pressure and acetone on the tape are necessary to remove the scarfed 
panels. The pieces required fo.- five tensile specimens with 52 
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■illiradian acarf angle can be ground in leas then one hour. 

For bonding, the scarfed pieces were pinned to a 36-plj laainate 
■ade of two layers of the saae stacking sequence as the panels being 
bonded. This held thea in position while permitting theraal expansion 
without loading the adhesive. 'irst, one of the 'original laainate' 
pieces was fastened on the fixture with two 1/8 inch pins. Then, 
measuring a 0.20 am (0.008 in) gap between the 'replacement piece' and 
the pinned panel with a feeler gauge, the 'replacement piece' was 
drilled and pinned in place. The remaining 'original laminate' waa 
similarly positioned and pinned. The careful spacing between panels 
controls squeeze-out of the adhesive. The spacing must balance between 
too little squeeze-out causing a weak joint and too much squeeze-out 
lifting the replacement piece off the fixture and misaligning it. 

After the panels were pinned in place they were taken apart and 
put together again with American Cyanamid 0.08 psf FM-300N film adhesive 
in place. For the thermal cure they were vacuum bagged and autoclave 
cur:d. The cure cycle was 60 minutes heatup to 175° C. 60 minutes 
at temperature and 280 kPa (40 psi). 

The pre-cured doublers were held in place for bonding with 
TEMP- ER- TAPE . The panel was bagged without a caul plate so that the bag 
covered both sides and doublers on both sides could be bonded at once. 
The doublers were tapered by end milling them wnile the specimen was 
held to the 110 milliradian scarf joint jig. 

The bonded scarf joint panels were cut into 25 mm wide tensile 
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tpaciaent with • diamond saw. End tabs wars unnecessary. Finally, the 
specimens were instrumented with strain gages. Micro-Measurements 
EA-06-12SAC-350 strain gages were applied following the manufacturer's 
recommended procedure. 

The specimens were statically loaded to failure in an Instron 
load frame. Strain gage data were recorded with a Datran II Model 321 
strain indicator coupled to a Franklin Electronics data printer. 
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Wedge-shaped block Boanted oa the aagnetic chnck of a surface 


Figure ii2 
grinder. 
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Figure ii3. Doable fsced adhesive tape applied to the wedge-shaped block 
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Figure ii4. Laainate atnck squarely to the adhesive tape ready for grinding. 
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Figare ii5. Ground scurf sdhurend 
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Appendix ill. EXPERIMENTAL DATA 


Tliis appeadiz coBpll«a fiv* aata of scarf Joint axpariaaatal 
strongth data. Thasa data ara for: 

o the 18 ply laainate froa which all scarf Joints in this study 
were made. 

0 plain (without doublers) scarf Joints with five scarf angles, 
o scarf Joints which werr ground with s hand-held rotary bur, 
o Joints with round-tipped adherends and 
o Joints with slightly raised replacement pieces. 

One dstua for the plain scarf Joints (3-121-3) was discarded in 
calculating average values because it falls outside expected bounds 
based on the other data values. Discarding this datua is supported by 
Chauvenet's criterion, a statistical basis for testing outlying data 
points (Ref. J. P. Holaan, Exneriaentsl Methods for Enxiaetrs, 
Third Edition, McGraw-Hill Book Company, 197^) . 

The only data not included in this Appendix are in the section 
on scarf Joints with doublers. 


116 



117 


ORIGINAL PAGE IS 
OF POOR QUALITY 


STBEN6TH OF ADBEREND LAMINATE 


Specimen 

Width 

Ultimate 

Ultimate In-Plaue 

Number 

(mm) 

Load 

Force Resultant 



(kN) 

(kN/m) 

1304-3-1 

19.9 

40.9 

2060 

1304-3-2 

24.7 

49.0* 

— 

1304-3-3 

20.3 

44.3 

2180 

1304 - 3-4 

21.5 

49.3 

2290 

1304 - 3-5 

22,5 

49 . 0 * 

— 

1304-3 -6 

18.9 

44.8 

2370 

1304-3-7 

21.0 

46.7 

2220 

1304-3-8 

19.7 

43.7 

2220 

1304-3-9 

18.6 

41.3 

2220 

1304- J-10 

20.0 

42.0 

2100 


MEAN 2210 

STANDARD DEVIATION 98.4 

* Excteded tastiaf aichiiie capacity becaaae tha specimen 
was cut too wide. 
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STKENTiIS OF SCASF JOINTS WITB DIFFERENT SCARF ANGLES 


SpeciMn 

Scirf 

Width 

Dltiute 

Dltiaate 

Ia-Plan4 

Nvaber 

Angle 

(mn) 

Load 

Force Resnltant 


(Ailli- 

ridians) 


(kN) 

(kN/a) 

(Ibf/in) 

3-121-1 

19 

25.4 

33.6 

1320 

7530 

3-111-2 

19 

25.4 

34.3 

1350 

7700 

3-121-3 

19 

25.5 

25.5 

1000 

5710 

3-121-4 

19 

25.5 

31.9 

1250 

7130 

5-11-1 

19 

25.4 

34.4 

1350 

7700 

5-11-2 

19 

25.4 

34.1 

1340 

7640 

5-11-3 

19 

25.5 

38.2 

1500 

8560 

3-34-1 

33 

24.2 

31.9 

1320 

7530 

3-34-2 

33 

24.2 

35.3 

1460 

8330 

3-34-3 

33 

24.2 

34.1 

1410 

8040 

3-34-4 

33 

24.1 

33.6 

1400 

7990 

3-14-2 

52 

26.0 

26.3 

1010 

5760 

3-14-3 

52 

25.5 

25.5 

1000 

5710 

3-14-4 

52 

25.7 

27.2 

1060 

6050 

3-14-5 

52 

25.8 

24.8 

961 

5480 

3-14-6 

52 

25.8 

24.0 

930 

5310 

JS-1 

110 

25.2 

15.4 

611 

3490 

JS-2 

110 

25.0 

15.5 

622 

3550 

JS-3 

110 

25.1 

15.6 

622 

3550 

JS-4 

110 

25.2 

15.7 

623 

3550 

1-21-1 

110 

25.6 

17.2 

672 

3830 

1-21-2 

110 

25.1 

16.9 

673 

3840 

1-21-3 

110 

25.5 

19.0 

745 

4250 

1-21-4 

110 

25.6 

18.1 

707 

4030 

1-21-5 

110 

25.3 

18.3 

723 

4130 

4-96-1 

110 

26.6 

14.7 

553 

3160 

4-96-2 

110 

25.5 

16.3 

639 

3650 

4-96-3 

110 

27.0 

16.9 

626 

3570 

4-96-4 

110 

26.2 

16.1 

614 

3500 

3-136-1 

160 

25.3 

11.8 

466 

2660 

3-136-2 

160 

25.4 

13.3 

524 

2990 

3-136-3 

160 

25.4 

13.4 

528 

3010 

3-136-4 

160 

25.6 

13.3 

520 

2970 
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STSENGTH OF HAND GROUND S2 NUXIRADIAN SCARF JOINTS 


Speeiaen 

Width 

Ultiamte 

nitiaate 

In-Plane 

Nnaber 

(■■) 

Load 

Force Reanltant 



(kN) 

(kN/a) 

(Ibf/in) 

5-35-1 

25.4 

21.3 

837 

4780 

5-35-2 

25.4 

20.4 

803 

4580 

5-35-3 

25.4 

19.4 

764 

4360 

5-35-4 

25.4 

19.9 

784 

4470 

5-35-5 

25.8 

21.1 

818 

4670 


STRENGTH OF 11 C MILLIRADI^N SCARF JOINTS 
WITH ROUND-TIPPED ADHERENDS 

Specinen Width Ultiute Ultiaate In-Plane 


Nnaber 

(ma) 

Load 

(kN) 

Force 

(kN/a) 

Reanltant 

(Ibf/in) 

1-21-6 

25.0 

12.0 

480 

2740 

1-21-7 

25.1 

11.6 

463 

2640 

1-21-8 

25.6 

10.7 

418 

2390 

1-21-9 

25.4 

10.8 

425 

2430 

1-21-10 

24.9 

9.5 

381 

2180 


STRENGTH OF SCARF JOINTS WITH RAISED REPLACEMENT PIECES 


Speciaen 

Scarf 

Nnaber 

Angle 

(ailli- 

radians) 

5-24-1 

19 

5-24-2 

19 

5-24-3 

19 

5-24-4 

19 

5-35-11 

52 

5-35-12 

52 

5-35-13 

52 

5-35-14 

52 

5-35-15 

52 


Width 

nitiaate 

(nm) 

Load 


(kN) 


25.4 

43.1 

25.3 

46.4 

25.4 

38.5 

25.5 

37.0 

25.4 

28.9 

25.4 

31.9 

25.4 

31.9 

25.4 

30.7 

26.2 

30.7 


Dltiaate 

In-Plane 

Force Reanltant 

(kN/a) 

( Ibf / in) 

1700 

9680 

1830 

1050C 

1520 

8650 

1450 

8280 

1140 

6490 

1260 

7170 

1260 

7170 

1210 

6900 

1170 

6690 




Appendix iv. FORHIAN PROGRAMS SCARF3 AND SCARF4 


The se 
distributions, 
mill iredisns 
also included. 


computer progrtms calculate the adhesire shear stress 

Output data for scarf angles from 10 ailliradians to 160 

and tip blnntness values from zero to z . = 0.16 are 

tip 
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C THIS Ff-CCr«P> CJlt.CbL(lF£ Thl Sht*F SlFEfSIS ll> Ikl FLhCSlVl OF « 

-c — STIFF JClirr. TI rsrS^FFF T'nhCtS,“FRtFll.ltT*SEHES,~»Ft~t*>LCfc“SCFlVl 

C 1C fCLIC EOF AChlFENC ICFCS ASC ACME!1\E tlFESStS. 

~C lHf>FC‘;FA» ALlCaS fCF VAKIAIICF lA ICI tOAt-HFICliOA"FOOULU«‘ CF ~ 

C ILAfllClTl lA Iht AChLKhCS 1C FLltl CCFFCSIII LA»lkAlES. IT ALSO 
“C “ICCCOMS TU AChlFlNtllF blUMAESS.' 

C 

-c 

Cl IS IhE HCClOh AbASFfl STADlIliC Al IFt IFFI 

-C“i*AFTTm IS 1HI CIFFAilCKlTSi CPChClAAIl Cf IFt UUFF ACC~irTL’LENn«ICICNS 

C 1 AkO Ik IhlS CCLAblkAlt tlSTlk Inf JClkT IS OM UklT LCkC. 

~c— llfTTin — J 

C AlU.k) ) ARE THE k 1h tXFAkSlCk CCLFFlCItFIS CF Ihf I TH RCClOk 

-c — A FT n . m — J 

C UAnld) IS Ihf CCCFClnAIF CF TI'E EAFAKSllA F01A1 Ik EACH REGION. 

X -ncrrr • is IFI RCCtltl cf ELASlICin cf TFE UFFEF AtHlREkC in CICA FASCALS 

C _E»l IS 1FE kCClLLS CE ECASTICITT CF IhE LCkEf ACFERENL _ 

C 

-c 

C"k‘CA >iAFlF(0:S),E«b(5J,F>L,XeAtn;), 

• — - - ~t~- ;.nrzrf5) ,kv:xL f»i A».iiAk,iiVxZbF ,kt:xi.F, 

2 c; , AFT , Al'.A ; ,kT- r , 

1 CC.K:(5I ,Cl.k : £*; ,C:.-:-(55 ,C^•^F (5), ' ~ 

A 2S,(.r,»FF,FS,i>r,FFF,d51L,it,SCF,SCfF,Sl,SlF,SlPF, 

s nr.TX'.rpn; -7 .FFAFFrii rriiT ;fii n:. 

b CKF .1AI.12.1AL22 

FEAI KLTZl,,FL-7XCr,M,>ri .kblU .T.UI AN ,M xrcF ,Ft2*lF ;k A» , IMO , IkT I , Ikl 2 , IM 3 

bCbsLE FktClSlCk C UC :2i/ ) , AM ( S , 0:2C ) , At. ( S.fa I 2C ) . A I ( S . 0 :20) , 

~~l 'CtC;2C),Kt.:20),A(S,S),*(S),«FAFEAU20> ' 

blnt~SlCN mut201,C2(C:2'>3,CJ(C':2E).C«(C:2C).Ct3(0:2b),O13I(C:2C) 

CAtr ASiibMS.'SmF.CAl •) 

C ALI A3SlCkt«,*STlC t,T. CAT»l 

C 

FCA7 75, »1 HFri,»bj;:*,tXL,SCXIL,kl2»L,k'.iiILF.NLZ*Lr;E»i;,kLXZL,kL2U " 

I •MIt (t,*) ' ALt » JS*, ALPfA 

"T — ~ vFiTE“ro,F-;— ^.FAFTTr'.-iriniFTcr.TFxtiFcn.jriUFTrjrxaAprm'.' 

C 1 ArA-.MJi.Al At^iF is: 

■: LFITE U,*J 'IX.:', UiU),tAU2),EXH3;.'2L(4),EALlb) 

C .kin (e,«) 'fXL*. EAL 

t •Flit (a,» ) 'NtiAU; *,M ZXL 

C .BITE lk.») *Si,>Zl.: '.twAZL 


~C - 

c 

.FITE 76 ,») 

'SLIZE.I.irAL: 

'.'.UZL.MZXl ' 

c 

Pl* 3 . 14 lb 92 eS 4 



TAC-'ES« 0.2 

ULFEEm 

IklCAf-ESS Ik BlLlJ»ETEFi 


EACHtSs 3.45 

lAfMsm 

t<.'LSU*£ ^UUtS IN CF* 



*!ili.r£ 5 I ft 

SttAF RCCCU 5 Ik cn 


TLA»m 2 .i 

:«LPt>>L' 1 

IHC.stSi ik BILE 1 -kfTEBS 


EXEAk. 77 .B 

:i.A*ii.ATt 

nrciLlS II CFa 


kuLAT>u.i 91 

UAkl.AlE 

F 01 S$Lk*S FA 1 IC 


C 

C 

T -TAlCnXTF SFE1F STFISSTS AS X FukCIICk Q FCSlTTCA IN~lkE JOlAT: 

C _ _ 

C 


ALFi.AiALFHA/lOOC.C 

TAEFiiihtAlFhA) 

COSALf BCtStALPnA) 

SlKALfsSlk(ALrrA)'~' ~ 
li»(UA«-lArHES/CCSAlf )/1ALf 
FAMCLSAlMU .0»TALf.T2)»»;»LAChES«tACkEI 
1 /nACf‘ES«(EACnES«GAChtS*lALr..2)) 

ETT7I«S;FTI7Ur-'(XI\Am 

c 
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C CnCUl«1l IHF CCEFFICUFIS FCF FlCKti CU . iHlS FtClCK IS THE IlF HHCFE 
1 IFt UFFEF ACHEhEkD lAPEHS 1C ZtFC iHICFKtSS. 1HE SIHEHENC L0*0 IS 
C C*LCCL*TEC> IH FO)l> CF * FFLbEMUS SIFIIS IlFFFCLl SFOU1 XIARsO. 1HE 

-c — ►cc«c;js'c»i;ic“n»csr(nmm*ThE“»'ivmir»“Sft*>t.^iiFF TtHtVtNc 

OF A CHtS I VE «mC F FILLS It. FO» A lACAt A A CHCFEAD TIF. 

ATIhhShIS 

~T riHsi t Atrui AinHi~5 *s aac ¥*h 

«(0)*0.0 

aTTTh-iiiic*(i.o<iki;iZti(niiLUZib(i)]/iur/nu(i) 

b(2)H>FAI*C*(1.0«AUlZL*HlZAL)/1ALF/m 

Alyla(kAt*C71AlT}*'(r*AkLA»*(NbZAU(l)>liLZiD*tAl>/UALA))*fLAIl) 

: •(t.b'kuZALaitbmi/ElL) 

Mn»cTiy~ 

*(2)aO(2) 

CO IQ AAJ.AZCZAI 

WIHjayiAF 
~l<(H)ab(2] 
to CthllAVE 

C 

C CALCULATE THE C-0*E*5. 

TTTutauTO 

cunai.o 

'f. M ka-2,MET»5 

Cil‘)»U.C 

L*. I2 Fag,k*l 

-^z * c: t:' jt 

Cl liOa-t.O/lN«(F-l)J»CllM 

n CCMIMJt — - 

c 

C CALClLAin«t Ci.kTf ICUMS'IF IhE FAFllCLLAF TCLLIlCk, ~AP1(|,A). 

AFKl.OlaO.O 

or li Atl.kllLaS 

SUaaC.O 

- ■ — TC I« Tal.-K ~ 

SL»aSU»»C(F )aAH(l,k-M 

TA ■ CCkTII-Lt — ■" 

AFTCl .MalMk-n-SUM/(k»(A«nj 

-n crsTi^n 

c _ _ 

C CALCULATt 1FE C..EFMCU^1L FCi- FEUILf 1>C. 1nl< FfglCS i!LGI<i>> AT iHE E‘<C 
C CF A'. AChEFEkt pITK A 5FC»t=> Tl? Ay^ E>1F‘CS A jfCpT CISTAnlC TC THf FICH. 
C IFt ALFtFlf.t LCAC IS CALCULATFL in THt FLFF CF A TAUCH SERIES EAFAkSlCr 

c ATcrr TPT TCm TirTnrT itveft^;; 

c 

C nFSl CAICLLATI TPE AKC R *S . " . 

hTZai J 

lBAFI(21atjr»AFIr m.JFAElF(2n/2.r 

Tlai-NA>AL/lAlFl*(I.C-MAIU2)»NUZALl2))/EAlt2)/(>eAH(2)) 

rFsT-FATa^/ntTTan.-C-TrLTIiaKcrm/ETl/n.Tl^TFAnrm 

UL 20 aac. M 2 

0‘*)*m*T2) 

1la>Tl/XEAFI(2) 

T2aT2/n .-O-TFARITTIT “ ' ' — 

20 COMlt.LE 

fc(0)a(AAt AC/lALF)ACt»NLLAk»(kLlAL(2)»ALZAL)ATALF/(EALAHalLAH) 

1 -(l.L>AuAZL*ALA>n/ltL/(l .0>XEAF I (21) ) 

Ama(-FL>AC/TALF)An.C>i>cAALANLZU)/lAL/(l.L>tKAFI(2))*A2 
bC 21 ka2,AT2 

P(N)aF(k.I)/(1.6-xfcAAI(2)) ■ 

21 CUKIlkUk 

“C 

C 

C Ci-tCF iHf CECICn'2 C*S aac'R'S; - - 

C 0ELIAa(*eAMK2).je*t.iE( jji/ic.o 

t “ CC 2t kiao.to - — - 

C CAFFC)aC(O) 

T PTFFTTASrn 

C AOAFbabApIF ( n*NA>CElTA 

T ■ ~ CC :T AaJ,i.T2 * 

L wAFFLAbLAFpCKCIMa (AFAP>«bAFU2))'*A 

C " FApACA*pAFpCA«A(N.'>lA'-Ap*xeAFH2n'*A 

C27 CCMlhL'E 

~i GETACTA-CF AT»l7Tl(XrT»tn CT-MIZL i 71 Fimrii T J /lU f25 7XBAF 

0 1 ♦(l.O-NLXLLANLZJl i/tAl/tl.C-«AAP)) 

t FEXACTa(FAY»l/TALrj*CL»t. LL*‘*(ai,ZXL(J)-f. .ZAL)»lAlF/(tALAH»ILAa) 

C 1 -(l.C-NLXZl*n2U)/EXL/Cl.C-xeAF)) 

t Apllt fi.A) 'K; ClF CHA :* .AbAA .(.EXACT ,LaFKC> .At XACT .t-APLOX 

C2e Cv.nT XNJt 


ri r' %»J to/ I nnnnr. *o»i \ r\ r% 


124 


ORIGINAL PAGE IS 
OF POOR QUALITY 


C C<LCuL*1E TnE E>F*^ilCK CCtFFlCim! kllh A(C) AkC A(l) FACTCFEC CLt. 

- - - AC(J,0)«1.0 ■ ~ ~ ■ 

A0(2.1)ab.0 

- Al(3,D}aO.C 

Al(2,l)al.r 

riTTi TCATvrrj 

SLkiiSO.O 

SUAlaO.O 

1>C 22 A«C,ll>2 

St/Ca5b^«i*C(A)t2a(2.A>kO} 

SU/la50'l*k(A)*Al(2,k*F>2) 

—n tcrncTTE ' 

AU(2.k)s«SL'*«/(k*(M*n ) 

-»u:,M»-scki/(i:»n.-m ■ 

21 COkTlktk 


CAUtLATC Ink COlFtlCllklS Cf IhE FAFTlCLLAk SCLLIlCkl 

— rrrnrn»T7o 

Akli2.1)aO.C 

Df 7« k«2,kT2“" 

Sli>a>).C 

CC 75 F*u,k-2 

*S AFT 12, 

-•r7:.Ti*;rT 

A-:.:,’. j = 


CAlCkLAU l“c lAiLCr StFl'S CCEFFlCHMf FCF ktClCk IkFFE. 


FlkSi CALCilAIE IkE C*£ AkC k't. 

K73«70 -- 

XBA*-U3)«lAFAfcIFl J)*A«AFlFt2) 1/2.0 

7Is(-FAy*C/TALF}*(l.C«I.LkZl.(3)*r.bZM (3)}/E3l'(3)/XeAkl(3] 
12s(>r Ay*k./TALF)>(l.C>k!:)iZL*kUZAL)/Fn/(t.0>kEAFl(3)} 
Tnnc-kst.Tm 

1. 1 M * 1 7 1 •» : i 1 

Tn-ii/xFAnnj — . 

: /s;3/ (!.''-»»»>• 1 1 31 ) 
cr lo I '‘i t 

klO.'»lHMu/TAtfJ*ir»rLLA'«(kJ2>l(3)*Mr>L)*lAlF/lEXLA»*TlA»; 
I -ll.C-''Lm»l.bl.>l)/E>L/(l.t->£Aklt3))) 

p(l)*l-rAy»:/IALf)»(l.t-MAZL»klZXl)/t>l/ll.C-XtAAU3)V*2 
Cw 33 Na*,'<l3 

F(N)zk(’.-U/U.O>kkAi-I(3n _ _ 

ccnii.ut 



2^ 

34 


'rnmn e k ' s '.ii f frnTiL-ATrr^ATrfiFTrcL fr~ 


ACU.Olal.C 
All I 3,11*0.0 
Al( 3,01*0.0 
AKA. 11*1.0 
LC 31 1*2, M3 


SHk^aCTO' 


so»i*o.o _ _ _ 

lL 32 K*0,k-2 

_S»ku*Si.*t»0(M**0[3,A-k*2l 
k( •l*SwM*i.lk ]«AK3 , A'A«* 1 

00K-, It.uf 

— *tr3,M*-5ir*o/i‘.*Tv=rr; — 

_AI(3.)>]**S0>l/(K*(k*l)l 

CCkTlkUt 


CALCU.ATE Thl CLEFEICIEMS OF The FAFIICLLAF SCLLllOk: 
AFT(3,ol*U.C 

•ni n.DFs.: 

00 34 k*2,kI3 

Sw**o.O 
OC 35 A*C,k>2 
50**Sb«*i.(F )»AFTi3,A*f-21 
CCkTlNUC 

‘aFITT, n )*iFik-2>-£i,*)/(s*(k-i;) 

C.M IStt 
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T cn i un u T nt ^ mx i i ~ nn n iciu ii ct. t nn TCin. t i T Cfc nfeick^ttmT 
c 

*x c*icmtt~ii.rTni^ 

kf>«»’l(4)a(Xe«iil» (l)*xe*»IF(4))/3.0 
Exii(4)*(t)(o())*cxtr(s))/s.o 
C>Ura(lXU(S)«CXbO)l/(XF*Kir(4)>U>FlF (])) 

one J»T7TI-TiCX2i;TD4kT3Xur4'J 

(il(l)a».t/X2l(4)«kUtXlF-l>bXZbF*kUXXkk4) 
0l(J3»-2.0»hkXIk(F»kt*XLF * 

DC 4(i k>l,20 
(•KklsO.b 

40 CCkllkkE 

U3CC)il.e/EXU(4] 

(.3(0)al.0/X4*l>l(4) 

04(e)«(i.c*i:bTiirkTmi/ExL/ri.<i>XExxmn 

CL 41 kal,30 

C3Cr.T«{-t.»EItF/rXtT»77»C2 ts-n 

y3(' )«(«K/Xt-Xh|(4))*i.3(k>l) 

c4m*rr7n.T;-xhxPU4 j ) J»c 

41 COkllKLL 

C TilCLLXTf TFf CtsinriTTS CT THE PKCtLCT 7EF»5. 

CXLi. EAJC.'L 

CilL .31 

c 

T rxircLXTT I'-i TiLTtrTrr-c 

CCD7«t-KXT»C/TIin»CCl<3(''J*C4(Cn 

LC 44 kc|,3C 

rxcT»rxn/i. — 

(.(k)a(«k*r*r/TXLf}*F«C1«(L123(k)«b4(F)) 

44 CCMlkUE 

C 

C ' CFtCK TkE TrUPIEF rCtrFKlf I.I5 .* O'. 

0 _ lkLT*a{A«AFIF(42-XMXlK3n/10.0 

L Cf 4e ksb.K ..... _ 

C XKXkatELLIF l3)«k«CkL:x 

~C CtTTTIaCTTT 

C CC 47 k.<l,:C 

C uXFFCXBu4PitCX*C(kC)ti>eAt>-XbXhl(4) )*>kb 

C47 CCMlkUt 

L LUBEAU(4)*£ALF4lX8AA>XbAt.ll4}) 

C C;>L!a'.i.AZ.(4)*M'AZi.F a(>HAF>XEAa1 (4] ) 

“C iP:UJ«Lt7XU(4)«M;XLr4t)4XA-\E4Fl(4)) 

C bEAAC1a(-AAI«L/1ALF)4( u .l>C)iL 1>CLL:)/XF AkAFL 

t I •(l.C-kjZkl»LL>ZU/LXL/(l.C*XeAP]) 

C ■Flic (e.4) ' kCCICk 4 C CPECA : *,XFAF .Ci XAC1 .CAFFCX 

"D4C CCkTIMl 

C 

“C rXLCULATT '.PC K'i. — 

■ (O)a(kAl •t/lALF J»tC*MlA**CkUZXUl4)-kL2XL)»lAlF/(lXLAa4TLA») 

1 •C1.0-...,;ZL«l<.Z>l]/EU/(l.(*XEAkl(4))) 

_F(na(KA)4C/TALF)4(t4AkLAA>kUZXUF47AlF/(EXLAF*1LAA) 

1 -(J.0-LLX2L4kLZXl)/m/(l.L-AkAFlC4))»«3) 

F(2)a(.kA»»CAlALF )4tl.6»f.LAZL»ku:Xl )/EXl/(l.C>AfeAFi(4))«43 

Pr T l ' F a2 , ~2D 

ll(K)aKs.i )/(l.C-Xb4FIl4 J ) 

41 CrATTKCE 



rv n o o 
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T- CtLCCltTC THt EXF«».jlC)i CCCrilCltKlS WIIM »(0) *kt *(t) FACIOFiC Cbt. 

*0(4,0)at.U 



A1(4.0)«U.O 

--Ill«,nal .0 

CC 49 aa2.2C 

— »oacao.t 

•lalaO.O 

DC-mtat 

«UaCaSbaC*C(4 )*40(4,lfr*2) 

-jimiaSU*l4Ctl«)»»H4,»*F-2) " 

90 CUkllaUfc 

— - —*nt 4 ,».)a.st»o/(KarK-n) 

*H4,l.)a-Sl.al/(i»»(4-n) 

-« C C MlMi 

C 

C - C*lCwl»T£ IKt CCtmcilMS CF THE FXFTICILAF 3CU1ICAI ~ 

4F1 (4,C)ab.u 

»Flt4,niO.O — — 

irj 91 i.a2,3C 

S! «.;(n»4fTt«,'-F-7) ■ • - _ . - . 

52 CC.SH!.I.> 

»r"i(4,l.)aCFtS-2)-5y»)/(K»(Ik-n) 

51 CCKTUOE 

-c 

c»inn,»Ti -TRE ccrrricirrri tcf rfr soLtims fcf fecicr tite; 

C»ICIL»TE rfl FCLTRCFIU CCEFFlCIEklS (C’SJ FRCa tRE TAILGR*< lERlfS ' 
LFPASS1C.A CF IRE RCFERATCF OF IRE 3>2tRC XRTECFALE. 

TT5 

XEAFK t!«(«9*sif tl!«:r *R1* ( J-1))/2.C 

1.0-.\C>I-tll«sL?).:9)14(i.o-Xe>RU5)r/EXUTX — 

I «U.'-M«2I»M;2*LJ»<E4 f 1(5;/IU 

w*;>Fx*n tic (5}»M:Ai:5))/F»t.(‘)«(i.t-M>7i»K.ixL)/r>L 

r**- luN - ■ ■ 

Flat,. 9/j. til 

FlF»-t.25/(.fl(*»S!.rlU.tl>>))*l,f.t»Fa»: 

FrrFsi.O/ (•.C*t.Rbf><2*Et.F1 U,RUF))*CFkRFt«l 
AC»t eaF 

Al>r taF (i *■ ^ ~ 

A2kttaFPF/I.C 

rjkl taF pF F / e 7C 

CbakElDatbaap-AlpFEaiEARI (1 )«A2kFF*Ft»kI I)a*2>AJaFEaXPAFUI)aa] 
ClkFe(lla«l.rc>2.0kA2.»raictRl(l)«J.taA)iFEaXEARl(I)aa2 

C2kra(j)ax<Pktr«i._ba_F)^P^axtXPI(n 

CJkFctllaxlkkt 
C 

X 

C CFtCF FALirili cr FCURIEk SEFICE APFRCXlkXllCR tC TRl Rtk|pATOR CF 8CPUC)._ 

C SmCl '.ALLtS CF XaXP AI.C CXlClLAIl EXAtl ARC APFFtXjaATEC VALUES. 

1*5 

1 ■ -LC )e Rau.iO ‘ " * 

C I‘-Aka»tAklftI-n«0.iasa(xf»nF(i).jt*uf(j.j)j 

X XFrFC7aCC.RernkrrkFern*>eAX.Ci.kkin*XEA>947keja1tl'(n*JtfcJl'VaaJ 

C _ EXAClaS'.kTU1.0-M,x:u5)aRi.IXL(5))»ll.C-XbAF)/EXL{5) 

t I *(1.0>kLXXLki.LXXL}/EXLaiEAF) ' 

L kBilE (e,») ' kFfc:', l.XBAF.tXLiD.EXL.EFACI.AFPACX 

Lit CCRilALE ' ■■ 
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C «Ck C*lCbL*1C Ihl SCkbTlCk CCIFftClthll r*CF 1H| ICINC**! _COkDlT|OkII 

*t *T l»*k«0 ■ ■ - - -- - 

C »i*k(Lin ktkr ltCI>afk«K(»HI) «kC 

'C >»«<>FaH|)aFI(*»iF(K»tl) ' *1 miCb INItRrkCf 

C »>«»a(..> kt Ukkao.l 

C " " ■ 

c 

W'Ti'fcal 

b(k)aO.U 

tC 70 araTTI 

k(k,al)a 0.0 

~7» roai moi 

OC 71 kao.kllkas 

k(l,t7ak(r,n*Cl(^>ktkkir(l)«ak 

k(l,«)aA(i,})-kn(3,(.)*(kk*kircn«ktk»l(]))aak 

'*(I.J)ak(i;i)>kU3.k)*(xlkkiru)>lkkk|(3))aak ~ 

h(l)af (l)«kP1U,k)ak|kkU(l)aa(k*l)*«ril3,a|a(XkkklP(|)«IlkMl(3))aak 

iT7m»ktJ7Tr»ir»rrrr7»x>knmTOTk-T) 

k(3.2)ak(3,3)>l.a*0C3,l.)a(xi(kl» (i)*lkkkl(l))aa(i.«|) 
'k(2,l)a*(:,|)«aakl(i.N)*(«akkir(l)«xkkk|(3))aa(k.|) 
(•(2)aB(2)*(lt«l)aAkT(i,k)axkkrlMn*ak 
■ I ■ ■ tk«km2.k)*CxPk^l> m«Xkkt-l(2))**(k>l) 
k(J.2)ak(l,2)«kO(3,k)aiXkXklF(2)*XI*kl(2))**k 

knrmanrmnnrKTFtxkiFiF i'3TiikxnT2Tr«>k 

k( ),•)!<(], 4) •AO(],K)*(>t>klM2)*>lXFl(])}*ak 
k ( j,s)*xn,7)«t 1 )>(xp(t-ir k2}>Ak«(i ( 3 > :**k 
el33ac(3j-Ar7(2,M»(Xc»Hti;)»AtAKli;))»*N 
■ "I ♦An(3.h)»(AfAHf (:)-AtAH(3))»*N 

A(4.2)aA(4,})«i.*An(3,l.)*ue(Fl> O'Xt AA1(3) )4»(A*| 3 

iTk rrt am m ATS’ki rsTAi » m »ii ir m -tit »f i rm »» n* *n 

A(4,4)aA(4.4)«k»ACi(},k)*(XkAkIF(3)*Xt Af l(l))k*<ii,>|) 

kX0.9)aA(4.7)-X4kU2,K3*(XeAXIF(2)*>IAkl(33)**(K*77 

• (4)B«(4)>AaAFll2.K)«(XAAAlFI2)«lkA>il(2))*a(A>l) 

T *K*kFT(].1i;74(kkAAlr(3)>kFAkl(]))44(k.|) 

«(».4)aA(k,4|*A0ll.A)a(XkAAlF(2)>XtAFl( J))*ak 

m.T>axn,7)4nin.i:j»nrf»inTn)4TiiMnT)»»* 

k(S.k)at(S.k)«AC(4.A)*(XrAAII (])>XxA>l(4))a*A 

krS.TlaArsm-kltk.kjaCFStSIFdj-IlAkKkDakii 

k(S)aklb)*AF7(l,A)*(XfcAkIFI33>AFAhl(}))4«k 

-- . ■ ,xxTt«.V)anHAJKi)-iFAMC4nA»i, 

A(r,4)B*(t.,4)*ktA0(3.'. )«(XkAA|F(l)>XtAFl(]>)at(k-|) 
A(t,s)»ACk.S)*A»»l(3,fJ»(>kAkJf|J).>k»H[3))»*(i.-n 
A(»,t3aA(»,t)«k*A(>i4,*.)4(>aAklF(J)-XkFkJ(4>)*4(k>l) 

kti.^7BA(k,7)-kAX|(4>k)4(IF<M»())>AkAFl(4))*<(k>l) ~ 

k(»)ar(*)>k>A»n3,A)4(AkAFXMJI*XtApI(J))*a(x.|) 

^ 1 '♦k'AFl (4 ,i.T»UFAVW ( 3 j-AFAAl(4) »»a(A*n " 

A(7.k>aA(7,6)«A0(4,X)*(XtAklM4)-kkAFI(4))a*A 

AH, .■jixi7, MAkiii.kjinerFTmT^irFKxnkiK 

_ _ P(7]ar(7)-AP1(4.k)aOpxx|K4)>XkAFl(4))a4K 

X(k,k)a.(k;kr*kaA0(4.A3*IXkAklF(43>XtAkll4))*'(k*'l) 

k(k,7)aA(k,7)*k4Ai(4,k)4(XkAklF(4)«XkArl(43)4*(k>|7 

~ k(k}aB(fc)-k>Akl(4.k)4(XFAklF (4)«XkAAl(4))4a(k>l)~ 

71 Cbkllkbb 

Cm~ IS&(9,IiniH47]. 

k(7,k)a-ttr(*5C/kFSIL*SI) 

kn.7)ailxK-4fc/IP«l.Sl) 

■(7)ak(7)*At/bk 

»(».n»-(440F/tF*xi:«iTF)»cxpt44c/irm«in 

A(k,7)a>(>tOF/tFklL4klF)aiXF(>kO/kFm*kl ) 

imaTnT4TCmTan I » lH/U» « 4 2 

CALL CkklS.AkAklFlk)) 

K7.l)aEXK»f0/l»Sll«in 

A(y,«)alxM«fO/tPSll*SI) 

'■ k(k)ar.S>Rk/Ck 
C 

~z — — — 

c 

t scivr Tilt SkiUk CF ALCkkAAIC iCUATlCkJ — - — 

•ai _ _ 

lAa9 

rccTo 

call LF.17F (A,»,k.JA,e,lCC7.kkAklA,llF) 

IFtllF .IC. 129) kLlUlt.*) ' in kAIAll IS ALCCfllHklCALLI SlkCLLAF* 

_ IFCllk .FL. 341 kAlIKk,*) * Tkl ACCLAACT IISI FAILEL* 

1F(UF .tt. Ill) *A]1{(«,«) • lILkAllVI IkFACVCktAI kCl EFFtClIkl* 

C kFllF Itk* '.Ilk 

~o FF nt u .-rr -ircTa '•.itrt 

C ki-m (e,»)' k-aA7PlX: F 
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C llt lCT f OIlTlCM *LCi.C ty JtIM *NC CAlCUfTI Itmtll. ITC. 

■*lTt (*,102) *LfH*«IOOC.O.D,IMlL tkUlU Ihl COT* NtAOlUC 

-m FTFFtT i'i'///t»,’Tre r*cc*** if tc*PM ',7 

1 ll,*IC«»r **CLI It OILlKtCItkf.*/ 

1 H.'aCIfTHfcSTH It ',»t.l,' kXUXMIltt'/ 

2 TS.'ItttLCN Xf’.ri.*// 

1 rat.'tCMitikC kcouut',T4a'*cficxvi*2 — 

4 T*.*i*.nt,*it**'.T4X,'iti>itt*,tii,' CM *,T*4'ri«ii*,TT4*ri*tr'. 

1 1IJ-||»»?F*7 

I TT.*liXlbX*.T 2 *,*UP»kli*,TII,'lC*CI*,t 4 I,'r*CT 0 K*/ 

■ rr,*pnrirf,T 27 .'ct*Mi 4 ,'c»**,//x 

c 

-C~Il ti CTTTttWf wm TWCTKC CF TUI JOIkT; 

DC 12 k|aO,l« 


• Clitt fCFCrtTlM) 

tTkr*ckTki>ia*TL«k/ukcci*ir*ttN*Lr) 

-- - Mm ft , 1011 x,xf*k,cG,cL,fTRr«c,cvt,ri«M,ri**t,pi**tF — 

lui rctrAT (ti.rs.i.2x.pt.i,si,rt.i,2x,M.i,jx,M.4,a*,im.t,op,xric.s) 

“Tj CBirrmi 

c mccT <ktk t4Lbct rch INI miT cr ihc jcim 

cir Ti Mktr.io-.T 

xeAkikfto.oci 

C*U fCkCE(«e*K) 

ktp> *CkTAwU« I L>k / U 'CLktLFkSt hur ) 

•PiTk. («,iou x.Ak*k,tb,iL.tit-f*c.CF» .rttk.rikkf .riAkpp 

7J CCkllKll — i 

DC 74 kxa4,10,2 



Xaxktpai 

c «Li ~ pct Li TT i nnn 

tTkF*CaT*bl2kU4«/(CkCCttL»*t|k«LI ) 

*a*lU Tk,'iei)'l,'l***,ik,IL,tlRr*C,0-»,f*l«R,'Fk«kt,lt»RtP 

74 CCkTlkUt 

■■ tfcC 

' "C 

VtePCl'TIkk (4CuT,t.:k(.i.laJ) _ _ 

»lLl(>,S/C),t:iP|(b:2u:,Llr.,(ci2Ci7fAX(20).PtfSP(2r' ~ 

CL I *.11,2; _ _ 

• “PASCNJal.y ' 

1 Cb(.Il’<bi 

irji a TTwTCTrn j 

_ <.Ctinia„lkHC)kwlr.S{lJ.»IMtU*I.Iki(CJ 
"tC 2 Si,a2.2(i 

_ to J kaj,2g 

PSlCMMaF»S(S) " ~ - - - . . ^ 

1 CraTH.i.l 

tC X" kaTTVJ 

F*S(k)ap*1Ci<(k2?F(TCP(k«l) 

"t Ci-KClKbL - . . - . - - 

CO 2 baO.'.i. _ _ 

wCU1( Jit)awk.07 lki.)»?*X (k,l)*ClM(a)»UkXCPO-f.) 

2 CCNflaU 
kTrUali 

_ _ tkC _ _ 

C 

rukcitiN cszfpCd.iP** ) — . 

C TPIX tOMllLi, CALCtoLmS IHt «*LUi C) TK( IZIPO tkllbklL FOR * GZVkk PCCICk 

~c— ikCTcrmcfc 

CCkrCK ik*«IF(Uik>,OU(l) .iXL.XkkPKS J . 

r 7lXZu(S).M.ZII.(*).NbxZL.kkiZ>l.kLl«a,(AL*a,U*a,kUXZUP.kliZXtP, 

2 CI,AH,Au,Al,kUK>8, 

J CuaAa(»),Cl«PtlS),C2-Pa(S),C3»AKS),~ 

4 C,f .bP.aPP.rS.AP.kpp.f psiL.tC.XbP ,SOFP.M.tlP,tlPP, 

T nr.nr,Ti**,T**PF,FMFTr.a.mF.R*i,L, ■ 

k ChP.TAtU.lAlia 

PFAl SUXrO.MJZXu.f L»Zt ,l lZXL,'!UAk,MAZtF.kuZxlP,»»r.lkTO,INTl, IklA.IM) 
tUukLC PPCClkICs r:iCl2''I.APl(S,0:2U,At(S,Ot;C),AJ(S,Ot20], 

1 t(C:20).A(oi2C).A(k,4),l(t).*«*Ptt(l20l 

moaA&Ik(2.0*AeAP>l ,0) 

irTlk.SiKT(X2*F-XtX*t*I)«!.?«*iIkn.t«Xt»*'-nC7 

lkT2k(*XrAP/2.i,-0,7!i'i'PT(I4Ak«UAp*A: ),U.I7}*AX>k(a.O*XlAk>1.0) 
IKT)a(.|£AiiAA7/).:>>.:Akaik/12.0>C.o:!)«X.kT{l»XP*ikAKk*2) 

1 *u.)121AAjtM4,C«x;AP>I.O) 

cizrFc»n;.ke(i)»ii Tt •c:.>b(i)vUTcc:.ki-(nAiM2«o.A»(i)*i>iT) 

PC T' pN 
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•umCbiiKC 

C Tfll IDIf*GCIi»« CtirOtATII im Cr l•Zt*D^I•CNI^ei.'ll■'AliO IHIII 

c cmiviTivt* re* * ci>i* fCiiTicn. 

crwFcr ziAiiir(ais>,miii,UL,ii«?TTTr; 

z CTr»rr,»o,»r,»TTiiKr. 

1 CSa«l(l),Clbll|(S),Ca«M(ll,CJ»ll(l), 

« ar.6r,cTvnrr.iir,»rr.nm.iff.iQr.i«?p;ri.iiP.in>v; 

S KU»IL#ZIAM fZiaPP tZ iAfcPP tfetZAif f ft Al tC » 

• Ch«,1ftUta,T«UZ 

IftftL ftUaZu.kbZJI«>,ftUIZL.ftUZ>L.ftbLftft,ftlftZUZ.IiUZIUP,«*t,laTe,lliTl,|ftTl,lkTI 

Gcuiir ftfttniicir ci(oiZPi,*»T(f;uizt);*o(i,eizc). *1(1,0120, - 

1 0(0120, !•_« «iZO . »(*, ») ,l( 0),» ftftlHft(H»> ) 

C CftlCbbftTft *0, soft, lOftft, It, IIP IftD Kir 

i rir irt oc (i,iii i ii»n z t P Cu, ' u*HK T »i n 

Ila( l.O^iiLaZUdlotbtlOdD/Ubd} 

T2ari.0«l<blZL*l>bZ*L)/l.ftL “* 

ulan/t|*ft*12<'(l.0«ftlftft) 

UPa>n/ia»P*a2*T2/(t'.4«l«ftO**2 

OftftaZ. oat l/lBftft«* J*2. 0*1 2/d.0««**ft)*al 

ICMII,Plll.ll 

• bfFa(,P/d.Oa(6at(OI)) 

jTa-c.n»tcnr;iJ 

alFa.^»/(4.Ci.S) 

:irFa:ifa»;.cs«-ftft)/i4.‘»i,5«aj) ' 

C ■■ Ml 

ftTiT77TT.r*Tf sitT-:»’^cri»*rKTTTr(rT»’:cTTn*Tnr.'TfimaTCi*j 

FFaT2/(l.U«<Bfta)*ai 

ftFftaJ.caTI/rt.O'XPftftjaaj * 

fttlUftb 

c 

-e 

ftbbxCL’TlitC riftCtdaftft) 

e TMi loiftcrtiftT nicGtim Tup; iti czimimi, ftctiiiivz — 

C ftCftaftL lOtftft llftriltl, ftikb CnlCftl Iftl lOlftTlCk. 

conns iiiftrr(CiS).Fib(0,i4i,«tftfti(S). ~ 

I at<*Zb(0,a.Zll(Sl.kbJkZL,i.wZll ,bU*a ,tftl *a,Ufta.ki,lZUP,ftbZlLf . 

j t,,in,iu.ii,»uft*r. 

] CO«a.MS),Cl«r ■d),C2>iiftd).C]kat(!). 

« ^S.Cr,;i>F,ftS,»ft,Ffr,CF5IL,SC,ICf ,|1fft,Sl.llF,ilPft, 

ft lk,tL,Fiat<,d«aft,t ,r fti.C, 

• Chft.TftCIZ.mSJ 

rftftL %tilZi..M,2Ak >.uJZL.‘.uZU,MLft«.kllZkF,M‘ZXkP.ftftl,tNTO,tMI,lkd,lkt) 
rn;aic ppirriics cucd'7.*FT(5.ci2Cj.»c(5,cisei,2iC5.Cd0), 

I &SfadO,ft(0l]bl,*(«,O,l(ft),kaftfti«(t20l 

C 
C 

C CtTIPaiM •HICK ftlCId. - - - — 

IMAttft .Ct. AkAaW(l) .ftht. Xlftft .11. llAftird)) (,C TO I 

rrtnAft .CT. Tpifttm) .irx.-xiift .tr. aiAftiroi co zn 

IFlAtAk .Ct. KADlMiJ .Al-L. XMft .11. IkftklFd)) CC TO 1 

irtAMh ,cc. iiAilird) .ftbc. iftift . 11 . KAAiMO) go tc « 

ir(AcA« .(.i. <>iAftIM4) .*<k. XiAft .LI. IIAMMi)) CC TO ft 

• FITf (a,») ' (riSCft 1». »IC1C» IlLftCIICft.* 

ariulik 

c 

I CCXTIAUE ~ - . 

C ICft ftlklk.;, tkf. _ 

CKb|ai.uAZb( I ) 

crczabiziui ; j ...... ... 

ClatALm 

narxL ' ■“ 

raftpaclDaCCUOIaCHtjailAkACIdiaiaXftaxIXft) 

I >Aft1(l.C)*ltftft*APT((.l)ail«ftaAlAk*X»l( t,2)aa|X*ti»«aax|A« 
FIX>fak(l)a(CI'n*2.GaCl(2)aikftk) 

I «xrm.a',« 7 .}axFT(i.n* 3 rbA*«i;e*ftFTri. 7 )aiiftft*iiaAir 

r'AXFFtAi n*'..Oaci(: i*2.0a*PT( 1,1 )*t.CaAfTn.2)aikftft 
irocxft .It. i.cc.kfi CC TC 101 

LC 11 haj.,1txa» 

raxuriAP.pn jaci (A )•»!** aa^AftPKl.MaxkXka.i,,.!) 
FftA,-Fa|(A>r<r(l)a*aCl«)>)ax*AFak(|fl)«(k«na*k1(l.A)a||Akt*k 
rbAAf!arttvrF,k(l)at.MN*l)aCI(A)aikAFaa(A ) 

I ♦•••(■>«l}aAFIll.MiAFA,a.(i.-i j 

II Cwkllkkt *“ -• 

03 U too 
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c 

_j 

6kb|ak(,i:u(2) 

llatium 

ttf »e*ii 

J |a| 

ckbiiium(i) 

Caujaauaiuil) 

laailiid) 

CO tc 21 

Jai 

cabiaKuuu(4)*auxzura(xi«^»>aaai(4)) 

cm«cimTjTnT*TtTn>*»^n«rnTi 

CCMUat ~ ~ ■■ 

^ k^c^ncici. I C» I O’ 4. 

rk**a(»(2*|.J')aal(iP£^)*iljaf.'|)ax'l(i;C)*«M(i,C)T 

J — rrm^i s r r * n rt r r s r» T r»r- rr*vmTj7T»rtTr:i i)-* r*ii k^*a»i rnfjT^ 

rkikka(»(i»i.z)«i.c»*oii,j)»H2»j-n»;.c»H(i,i>«i.o«*piii,j)) _ 

1 ♦U(J»I-i)»2.(.»»C (I, 47(1,2)) 

_ : •(xr**-»Hf:,))) 

)4>>-l)at(2«l>2)«2.C<<':(l,,)«t(2<l*l)*:.C«*l(l,i)*2.C>Ai'T(].;) 
tL 2c ki),20 

I •(A4«4>X4*t>I(l))**ti 

fk*»>Mtti«M(»i2*l»>)»k»*0)i,A)«i(5»i.i)»Aiiin,i)*ii»*rt(l,a)) 
I •(«t>*r'*>k4»i(n)**(k«i) _ 

(akVkraMkkf r*(k( 2 ai> 2 .>aa*(k*l)a«(,(| ,>)«|('2a|.|')«k*(k«f)a'kl(l7k) 
t •ka(w.|)*tM (i.k) )«(Xtk4«lt4kl(l))aaik>2) 

“70 cLkflkkl 

_« 

e 

C 'ifrx .14111. i.‘ - - - - - - - 

i 1>! 

J J ^ 

C^t2«kl!X4(12 
kl;al»u;l ) * 

CAU (xsil.xixp) 

)rX.*XS/4i*r(2<l*}j*k>k(«lC/IPSlL«Zl ) «l ( 2*1 > 1 )*kX X ( .tb/t P < 11 .< 1 ) 

F>’X.Xa(4k«X»..S*bX)/CZ«»2.4l}«1.2)*l«kCX/t(fU«n))aEXP(*kO/iXtlL«<l) 

“I" ' ' •n2»l-l)*(.*Of/lX51l«»l2)»tXki-XO/kHK. ,1) 

_ MXpkXa(4S>tCI<X(»*Xi*krr)*2.0*t.4>(4f>XX.»'t«U))/(i|aa3 

1 *k C2*l«3)*(*fC»/kXklL<klX)>*2*lXX(«l4/frkll*SI) 

2 *f l2*1.2)a(*(lkr/tXkU*llPP)<llk(«k(i/kr<U«kl ) 

J *k(241-M*(.|£X/|XZlL«ltF)«a<<|xX(.fb/rXSIl*tl) " 

4 «k(2»l.l)»(-ICXX/XHll««lXf)«IXK»i4/kHU»H) 


C 

100 cnmnit - - - . . _ 

C CXULLXK Inc tkXCP Ih Tk| 2M CkLkk CCI 

0 CklCLltU VXInE.* cr t*Cf ln<> tl lai lObXIUki " ■ 

Uk'laxixtipp 

Trrriar-r»T»tmin»m;T)-CTnri4cow7-)/rc/Tni’ 

1 *(i .c«kbx:i*kLixi)/iu 2 (i .o.xtxanarikk 

'TT«*1a(XlT4C/lkLn«(C*kU>a*(ekL2.Xl2xl)*lkLr/(tUxaa.t,kk) 

1 •U.(i>ktXlL*kl.lxl )/|XL/(t.0>XIXk)) 

•— FlCaklXtXItmfaiJ.llSrTtl’aD.kltimkl)) ~ ■' 

0>Nakka(1t«P|«Uk«2.UX.>))/klC 

C ... 

4C TC IU2 

TOl CCkllNir 

ChXao.b 

101 CCMlatC ■ 

C 


^ tXJ.UlXT» in XCHtklXk Xkixx kkC kOkkXl smzfci FCk IklT LCXC XkC UMT aUTH 

Txtijai kxn/u .(,*ixir •• 2 ) 

TXu:3aTXU2'1XU _ 

IkC 
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C 1HIS CtLCblkUS IHi SH|*« ll^iasis Ik 1MI kOHCStVI Of « 

;ciFr JCTki. IT xsu '>kf >iT>.rcs, rriki'iLS srkmrtkC tkYiOk sims 
c 1C icm xk kikkktki LLtca *kc kCHism simisis. 

'C" IHi fkCCkkk *Ul>5 »C» VkklkllCk U 1M ILkfClklCI 10k kQUUkUl Cl 

c imiicm II. iNk kcpikikcs ic aixu coiciiii i*ktk*iii. n also 
C 'AlCClkTS AlklhlkC 111 llUkIkkSt. 

c 


Cl l« INI klOICN i.Lk(fk ITkkllkO *1 1kl IIM 

c imirm is Tkk cikiktickuss CbCkciksit cr iki ikirkrsci ■iT«Ktk Rtcickt ~ 

C 1 *nC (1*1). Ik 1H11 CCCkllklll sunk Iki JClkT U Okl Uktl ICkC. 

C MCl.k) ) ... 

c sj(i.k) ) >n Tkt k Tk ikMkkifk crir ncii kis c> thi i tn suiok _ 

c stkki(i) IS iM cockiiksTi cr tps isrkksiik rom ik iach srciok. 

c rum IS Tkt kccuLis cr iissiicm c> iri urur kCktuski, ik ou« ikscscs 

C lAL is Ihi kkCULtS cr flkkllCIIV C> Tk| LOtk kCklklkC 

C 
C 


CCkPCk kklkiriCtSI.rklUSl.UL.Stkkll*). 

1 kum I'l.kriu 11) .i.bXiL.kuzu .kui*.iu*k,u*k,ku>zuk,kL:ur , 

3 C> .<r1 .•«.<! .kill >S. 

4 . .1 . , ‘■i .Pi ,► f I .. K' 11 . « . s 1 1 . f < ,i 1 .5 1 X , SI Ff , 

1 ri .II ,»nk.fp;x ,ir ii.f F,r .Till ,» »i ,c , ~ — - 

e Ckk ,l4tl ; , I4c;i 

kill M.xip,isciu,itm,' i,:u,kui»k,i.uzur .kizxii.kM.ikic.iku.iMi.iM j 
Lcicu Pktusit. 1 . ci(c:.b).krm,(,i<i ).so(s.tii(.).sus.oizo). 

I C(ClTC).MC:3i.).S(lC,iC).kll().>k*kES(lS0) 

cl'tksiuk biui7u),k3ui:oi,ki(ci:u.c4(ciio),oi:(ot}r),giii(pi2u) 

cut ssTtTiTTS.^rrm.rrr') — — 

L«u kssii.i.(k.*fncii.i«i*) 

c 

kf»c ti,») urH».mMr.ru;.ki;izu,u2xi.,ki;xzu,kizur.m,ku«ZL.kii*i 

C apm (P,») * UFHk IS’, klkpk 

-r- -k»nr t p yrariT t • , ir u it m .irscTr i i i . t u st rrTTT.TSSFTTTlT . 

c 1 \eipi> (4. .xskk'p IS I 

c k»iTi (t.»; *iu’, i u 1 1 , .f V. u) .iu(4),r»i (?) 

i .1 ,4) 'cn m 

t ksm It,*) 

t »nii i».4; *'pj*is '.KLAn 

c -kT'.rr C8.«) ••'uTci ,kT:u :*.Ncxzi,T7m ' “ ~ • 

c 

c 

f la). 14IS«]eS4 

nrktsao.7 TUkISIVC TMCXMSJ TX kllllkFTrSS 

k*rusa).4S ucpism ictkC's ncuts ix cr* 

currsn.TT — TxrFTsrc mxx wcciiis it ctx ■ — 

ItOaZ.) tStPlklKi. IkKaxiSC Ik klLtl'klTIkS 

ruiriTT.* nxaiRXTr ■ocUfci.s ii cr* 

kOLXaav.Jkl IL«>laa)! FClSSCk*! klllC 

C 

c 

X -Trrrwt,xTT sux » sis i ss i s is » r uu i i ' k ir rc?TTi ik nc^TFr joim i 

c 

c 

At Fk*a*tk'<a/ ibOC ,t 
1UFal*l.(4iFN*l 

COSaLftctSlUFh* ) 

Slk4Uasi.^tUP»*) ~ 

o*m 4k»i*ckt4/rcs«in/i*iF 

kl) arc* tu • ( 1 ,u*iur 1 aaiaCAlkU •) «Ckti 
1 / II ALnf Sa (I tLi’tSadtl M( sal ALF a*] ) ) 

rrrrcajjrrrrrirTTTTTrn'j 
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_c 

c 

c 

c 

-C 

c 

1 


C*iCUL*Tl IMi CCIFFlCIEnS FCF FEClCk CM. IHtS MClCtI IS THE TIF fettUE 
' TFI IFFFt- Sl.htktM lEFLkS 1 C lEfC THICFMSf. IM SLMFEiib LOAD IS 

tStCklSUr. fct A Mt _^PFC*1F*T10N. 1M fCCUlUi CAk ll CHOSEN TO HC CEL 

»rnT“*eHEHtl.r^Xf"Ck*ihE ItHISlVE ■HiCM FILLS ik 
FCk THE FNCkkk ACkENEFD IIF. 


CALCULATE THE FLLIkCHIAl COLFFlClEkll (C*S) FkCH 1Nf_TAILCS*S_S^»XES 
'EFFAkSlCk'Cf 'THE kUFEFiAICF OF THE S«2EkC' IkTECRU'S. 

!■! 

-TiAiirTn«riknnmij«T»inrii-f)j/i;8 

kkUka(l.^kUAZU^)*AkZSlU))«(1.0-AEAFi|(ni/EAU(II 

T *ir.n-kUAZI*kUZXL)MI!A*l(l)/ElL 

fcALkF»-(1.0- NUIZU(l )»khZAUCI)l/EZLC T)«(l .<>«kUXZL»kUZ»L)/EXL 

FaSUkllOkUN) ' " 

FPaO.S/Skk1(CkUH)aCkLHF 

-TFF A.O. -; i/ T L EX>» S0n(>.LLH ' )SCimkyA Ta 

FPPka].o/(S.U*LkU>aa2asCN1(wkUF))aLkLaFa*3 

'AOaFtaF 

Alk«fcaFP 

AiareaFPF/2.V' 

AiakkaFPFF/t.b 


C 

c 

T 

C 

C 

t 

t 

T 

L 

C 

L 

c> 

c 

T ■ 
C 
C 

c 

c 

c 


— CX r* FTl TaTC .-MiTTik E > T k Ifn 1 7 VI75 r k'nilTlTTr* i^-Al »Tif» MAlTm** J 

CIaFE(l)aAl>Kk«2.0aA2>kHaxeAkl(I)*).C«AlkA|!*XkAkl(l)a«2 

~ C2kt.r(naAi>Kr>3.l'*A3>kfe*AfeAkUl) 

C3«> b ( 1 )>A3«ke 


CHECr «A.lC.m lF FLukUF SLAIM AF FkCI 1 • A 1 1CS 1C IhE kL«EkATOk CF SCPKO], 
EEUC1 VALLES CF XEAk AFC CALC'JLATt EXACT ASC AFFkCXlAAlEO FALUkS. 
lai 

'LC lb LaO.lt ■ 

XbAkaXI:AFjF(I-n*b.l«K*(XFAHlF(n«XPAFlF(l*l)) 

ATFfCJaCO^mFCTinTn*XET.F>CrakETn*XlAA-aFI«tTOIFflJS*l*»**l 

EXACIaa.i’l ((1.0>kbX2L(l)*t.lZXb(l))*(l.t>XfeAF)/EAL(l) 
V(t.O>MLXZL*hlZXL}/EXL*XEAk) 


I 

kklU (k,*l 
CtSlILut '■ 


kktlS*. l.XPAP.LXbUl.EXL.EXACT.APFPCZ 


-r» tm 11 r^ rft xz} fficiel ^ s ~f rrr t cTcrt s i — i n i rrcc 1 1 nr? n< s tt Th r e v t ~ 

CF AI. ACiF.CFi.I kllr A rkOFS TIP AkC HTFMJ X ikCH CiS1At.CE IT Thl FILM. 
IFF PtFtl.u LCAC is CALCl/L>1lL IN Ini FChk CF X TAUCk SLFILS rXFAkSICS 
APCtl .Pfc tUM Hk CF THE tCFEPlNt. 

HkST CXLCLLATF Ini k'S AM A'S. 


-20 — 


T3 


>PA>i(.)a(xeAAlt(n«XcAFlF(2))/2.C 

Ti»t-FAT»r/Txin»ti.c-N!.xrLf2)»M;iFt tTn/ntm/rxEAPirzi) ' 
T2k(.^ilkL/IXLFJ•(l•C-^LA^L•^L2XL)/tXl/U.C-X^AF■l(2)i 

tr 2t kaC.NTT -- - 

0(N)am«T2) 

12kT2/(1.0-XtAAl(2i) 

- - CCRTIFTT 

F’(U)«(Ni»*L/1ALr)k(r*NLlA»k(ku2XL(2)-FLIXU*TALF/iEXLXHklLAk) 

“I -ri.T-KimxMzxn/EXL/fi.o-xEAFimn — 

P(l)a(«FATtC/TALF )a(|,b.kbXZLkkLZXU/EXL/(1.0*XBAFI(2))*k2 
LC 23 ka2,k12 

k(kJak(N«l )/(l .0-XfeAF!(2)) 

■~CCi.II1.uE — 


'•F-FO THF klGICN 2 C*S AM P'S: 

Prma tTSIH F UJ-IfcAMMin/l H . D 

Du 2A Niaa.lO 
uAf.LXaL(u)’ 


kAF.CXaP(O) 

XSA-axtAklF Cn«NX*CFLTA 
DC 2T kkl,M2 

~C CAFTrTi:STFtJFLCM»IIPAF-TBAkll2n*»T' 

C F-XF.-Lk*PAPVCX*k(k)k(xsxi-«IEAPl(2})kkX 

Z7-> CCMIME 

C bEiACTk.(AA>xt/TXLF)»l( 1 . b»liLXZL ( 2 ) »F LZXl t 2 ) J /E XU 2 ) /XbAP 

■C '1 ♦n.b-NLXZLkM2Xl)/EXl/(l.:-XBXk)) 

C PEAACT»(kX»kL/TXLF)»lC*NLLAkktkbIXUJ)-ktZXl ) *1 ALF / (EXLA»»TLA» ) 

~t I »Ti.ir-k07i»Frm77m/fi.ckiFxirn — 

L kklTI (k,k) 'Fi CLP Cbk:',XbAk,fcFXAC1,tAF«CX,PEXAC1,PXPPCX 

ZTt CCI.T1M'E 
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T ~ CaiCUltTl Tht CXFAkjlCk CCEmCUklS klltt A(0) *(t) rxCTORlC CIT. 

«0(2.0)«1.0 

fOfJjDWTC 

-u(2,n«i.c ^ 

uo ai ksa.kia 

ji;„o«O.C 

•bxlsli.O 

cr-n -rrr,T*a 

SL'»1a;0><i*C(r)**U3,k-K>a) 

33 rCk11l.kL 

— kO(2,k}a>!D*0/(N«(k>n) 

— n c cmiTOE 

c 

X ■■ c»icuim Tvi rcirriciCKTS cf tki scLi-noki ■ ■ 

*»1(2.0)«0.0 

»ri( 2 ,i)«o.o ■ " — * 

DU 24 ■>S2,M2 

-ycraC.T - 

CL JS ^»u■^-2 
SL.«^sL>.L•t^)•iFT^^. 

25 c:i.;i;.tF 

»rlC2.!. jatBfK-aj-StMJ/CkiCS-l)) 

24 CCNni.Lt 

-c — 

c 

C TFlCUUm TFE 1IT1.CF SEFIES CCIFF IClEkli FCF BECICI. TFUfE. 

C 

C FIP5T CUCl'im THE C*S »!•£ E'S. ' " ‘ 

kT3«20 

iTB>rTTT>»Ti E» TTTt n miF i rr32 i/ ^2 . n 

Ila(«r«|>t/14LF J> (l.l-kbX2tO} 41.1,2X1 ()) |/CXU(J)/XE*aI(J) 

T2ai-F4T»r/TiLrj»(l.C-r.lIIl4M.2n)/EXl/(l.C-XEAPI(Jl) * ~ 

CC 21 hsC.riTj 

0(Mstll«T22 

ll**ll/Xk»Fl(3! 

T7»T27n .T-TT .Tr r771 

20 CCNTD.bE 

- T(02*;FXT»m»inair4NCH4»tM'2XUm-Kt2XL14T*LF/lEXL*a*U*K) 

1 -u.n-r I.XZL4)<bZXl )/in/(l.r>XfX>.I(2})) 

prnii-2XT»r/Txi.n4n.c->.LxiL4M2xt2/rxiMi.e.xt*Fi(2))442 ' 

tc i2 ^a2,^1J 

l((K]aKlh>l)/(l, 2 *XkX)>l( 2 ]} 

22 CCklli.UE 

■T 

c CA LCUL ATE Ik E tx FAwFICl. CCEEUCIEM E kllF ACC) AAL AU ) EACTCAEC CIT. 

>rorJ7X)ai7c 

A0(2,l)aC,0 

nn'.nii.L 

AKi.Ual.O 
l)C ]t"Ka2,jtT2 
SDFuab.O 
'Soalac.d' 

00 32 MO.N-2 

3bHDASukC4(,lE)4LJ{ J,A-A>2I 

Su4)a&L41*v,(k J4 x1(3.I>>A>2) 

T7 CCMlkU ■ 

A(l( 2,fc)8>2U4 0/ (I>4(N.1 ) ) 

111 J.>«)«*SU»’l>(''*4(k-i ) )■ 

31 COkTlkUr 

“C 

C CALCULATE TXE CCEFf IC III.T5 CF THE FAFT2CLLAF SCLLTlCk: 

jn fS.OTaO.O - — 

APT(3,l)ao.O 

■* 00 34 kai,M3 ^ 

SUaiO.O 

LI 25 3aU.k-2 

5L4a5L*.fcU)4AFT(3,k-4»2) 

15 Cf'NTIMjl ~ " ■■ ' ■ 

AFTCi,M)i(P((.-2)-St‘)/tF4(K-l)) 

14 CCLTlXbE ~ ■■ “ 

C 
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C C«IClk*1» Th». l*Uk* umis fClUllLk CClFMClIklS FCR KE610II rCUM. 

- - - 

C C*LCLL«TI IH| k*«. 

':»k(«)a(lJIL(n*LlU($)}/ 2.0 

£)>bM(E>li(5)*(XU(}))/(Jlt*Kir(4)«X(*Fir())$ 

dl(0!a|.C-NUI7l<(4)*ktZlb(4) 

blU *>l>bX2b(4)*kUZXlt’*kUkZbF*libZlU4) 

yl(2 ■•2.041.1X2. F'kLZUF 

6r.ic'fc«j,T0 

Wl k >)aC.O 

-40 Cuklisot ■ ■ * 

b2. j)al.0/EXb(4) 

k. iiO)al.U/XfcXM(4^ ' 

b4(i.]a(l.U«kbXZL4kt2XL)/EXL/(t.0«;.rXFI(4)) 

tr .rkarnt 

b^c )a(.K4EAbF/rX0(4))4C2(k-l) 

b3('.)ai-k/»exHl4))»bJtA-l) ■ ■“ ■ 

l . 4 1 Jx(r./(:.0->‘-4FK4<))4t.4(k>l.' 

4! -t 

I. CAlULtl* Irt Ci'ltlilVci C^ Ik-l F-LlbCl 

- ■ - riu -risen rnr,e:,c7; 

C*LI. FiSCAUtJj3,Cl2,QJ) _ 

C CXLCUXIF 1H| 4XLUES Cf b 

r»Cl«J.O * " . . . 

k(b)B(*kX>4C/TXLr )4(Ct2I(b)*C4(0)> 

tr 45 i.al,-23 

f».(.l«FACl/k 

'C(N)a(>>.i)*l/l*in4FXC14((.l2](k)*G4l»)) - -- 

45 LbMlkke _ _ 

C CFtCr li-l fi-'t-lEk CCLXF1CU‘.TX. C. 

C mT*HXt»HK4)-»e»klKJ))/10.r 

C tr 4t k. 1,,10 _ _ 

I XbirB>tit-lF(j)«k4ttll* ■■ ■ - - — ... 

C (,*Fri. »*r ((/) 

i. i,C 47 kyal.zo ■ — - - 

C U«F>Lt4:^Xi>l’CX4k(kU4(xe4»fXt'«kI(4))*4M 

~zn C l.k 7I .‘.lE 

C _ EkxeAk.l4i«EXIjF4(XtAF«Xc4klk4)) 

"L - bAi,l4M<A2l(4>«kuX2i.(4tXr*‘-.jre4iil(4)) * 

I cr i;2b> tZXC(4)*MZXbF4(XE4F->Eikl(4)) 

C - l4kA»CT4i»rX»4t,/lXLr)4((i.o-CkU14CM2)/XEXk/Et 
k I «(1.0>kl2XL4kl.XZl]/EXl/(l.C*XtAF)) 

“t kXIlE 16, »J • BtClCt. 4 t CHlCk I-^F t cTkil XliriTTx fUTX 

044 COI.IK.^ 

C CALCkLkIt 1HE k's. 

*M07a(k*l4t7TXtr)4(r4kULl»* tkuZXbt4r*kl2XLy4lilF/(tXtXk4IHk) 

1 •U.0>kUXZL4t.u2XL)/EXl/(1.0«XEXFtl4))) 

P H 7 HFX T» L71XLF i 4 t T» M ' n t»a7rcTTCT»TZTT/T tXH F» n> ») 

> •(! .C-kUXZL4kUZXl)/tU/ll .0«XIXXI(4))412] 

-«t374l.X1T*t/TXirT4n.0>kkXZl*at.ZXL)/m/(l.0>Xl!XFI(4))44l 

bk 4k ka},20 

- k(k>aF(S.n7(i.0«XkXFl(4)l 

44 CUkTlNbL 


r> Cl o rJ I rifyAnnr% 
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c ctLCULAU 1 HI ikriksiLk ccirricuKii kim mo *kc tci) r*cio»ic cut. 

»O4,O«J.0 — " •“ 

tbl«.l)«0.0 

tl(4.0a0;0 

M(4,l)a|.U 

DO -OTSkTTTO 

lurcaO.u 

lOVlaO.O 

DO to RaO,D«2 

— •U»0»5D!»0*(.tlO**Q(4,l.«l>-l) 

kl'»|akb»l<C(li)**l(4.k«»«t) 

-« TOkTIKCt 

ta(4,(.)B*SU«0/(t.*(k«n) 

— kl(4.l.)a>Stai/(K*(l.«n) - 

4« CONlIkOC 

C 

C CkLCbLATI IHt CeimCUM! OF Tn[ FAtnClLta fCUllOkt 

lTTr4.Oacr0 ~ ■■ 

»nn,l)aC.O 

u ;; 

iL • =: . d 

t c i i k»t , ► 

kv>>SL*«l.(F)>4FT(4,S>r*:) 

_yj CrutlKUE — ■■ 

4F’ll4,!.)a(«i(k-2)*iL«)/(K*(».>l)) 

SI cckiikur 


C4UUI.4U 1Hl CCIFFlCUklS FOk Bk( SClLlUkk ECF klUICk FIVE. 


rtLCULkTE 1M PbllkCklkL CCtmciFkTI (C'S) FFCk tHF T4TL0M*t IIKIIS 

EZFlkSICN CF THE (.UklFkTbk OF THE E>t|FC lETICaELS. 

l«t 

xF»v; (i)« (>•>*' ir(i)*>?kF ( 1 - 1 ) )/J.c 

LM -a I u)*i c;.*i.u»)»ii.o-»s»fi(n}/E»dii) 

* 1 “ ~ 

w^;.rra-l!.l.•^dk2;•'l)•s'.;<aU))/tF^(i)•ll.0•vtA4L•^l.:xL)/£XL 

Fait,kl ixM kj 

IFa; 

rFF«-f' .25MwMJk*Sw-l (dkik 1 )aCkUaF«»; 
FHPfaJ.i>/ia.r>wkU-**2'4(.kllukda))*CM.rF**) 

EkaM-aF 

EtkKcaFF 

Aj.naFHl/J.O - - - . . . 

__ *)aAfcaFPFF/t.b __ _ _ 

CuakM I lakCaFP-ElakFaMEkl ( J )*k}a>f •XEtFItl )aa3.*ikFk«xrkl<nnaaJ 

Clk»F(I)aEi.kBa..ba»<aFV>ikXaun«l.(*OkkV*Xc*kllt)aa3 

T7vin:miT7^E7vj7CTri.Tr»rt*inrn 

CJnECnaXl.kf 


CkllF VkLiriTl CF FCUaiEF SEkUE *MklXl» XI ICk IT 1k» kk>lk*T(.k TF ICkKO. 
SEKCT VXLUtk CF XbXa IkC CXirUXU EXkCI XkC XFMCXI>XUC VAIUES, 

Dr-TF“i:aOTTC 

Xa-.l-aXEXFIMl-lJ*C,iaka(iF«kiF(l).|klkir(l-l)) _ 

aPr-CXaCOakbd ).Cla»Ml )kXkkFaC2akt U}«XfEFi**3*CJkFD(I)*iEEaaa}~ 

EI«ClaSi.aT(Jl.0-Si,>;un»M,2Xl'(l))atl.c-XBXF)/EXUlJ 

1 ■ " •( 1 .0-M.».i,*kL2XU/EXia»l»k ) 

kXm (4.<) * b».k*t*, J.XPkk.EXUin.lXl .IXkCl.XFFkCX 

TT kTIif^ t 


~TH“ 
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tr KC*~CAlCUl«~T£~firC SCLUIlCk CCinfSItKI* l»C» im tCbltC«M COkOi'tlOKII 
C rhkkao *1 lakitao 

T r¥« aiF 7 KAkt SICI)«rit»(l!hl) Ikl 

C Fktl>F(LHt>«rK*kk(ka«) «1 I«CN MCtCM UTCHrACI 

X »¥*i-ao. 5 in“im>«e 7 s 

c 


bb TO ba|,10 

t ni iw - . - B 

bC TO kl«l,10 

lu ,xn ;o 

TO COkTlNbk 

DO'Tinia0.'2C 

*(2.J)a*(2.))>kO(2,k)*cXlr*kll(n-Xt*»I(2))*ak 

i r 27 Tikm;T)-i i n; n» miniTTm^t>nmTT»k 

k(2)aM2)**n(2,k)a(«tAt<ir (I )>lk«f.ll2))aaa 

Tn;ilak(3riT>k*IO(2.k)*(xEA»lMt)««(»Tll2))*»tk>Tl 

k(l,4la4(),«]>k**l(2.k)*(XbklilMl)>X(>Tl(3))**(k>n 
k(l)ar(3)*k«*rt(2.k)*(Ar*f>lFM)>Xkkt'l(3))aa(k>n ~ 

k(4.i)aA(4,3)**0(2.k)*(XfeAklF(2)«Xtkf'l(3))**k 

iTr4,43*m7T)TimTrr»rTnnn2i->F*ni23)»»» 

*(4.»)aA(4.S)«*0(3,k)a(ibAKlF(2)-XtkFl(3))aa). 

- ~ A(4.i)aX(4.6)-kt(3.k]a(AMt-lF(2)>X4»Fl(3)J*ak 

6(4)a6i4)-AFU2,k)4Ui;A».lF(3:-Xk«PiI(2))«*N 

! ♦*F:t3.«.)»Oc»HF(:j*>eAH(3))»«k 

~ • •AC5,4)iir5,43*l.**l(;.K)»(XeiFlF(2)»AE*m2<)»*(k-n ' 

*(i.b)aA(S,i)«k*A(iU.x)*Uk4KiFk2)-AfcAr](3))«>(k>n 

A(S,C)iA(S,6)-k*Al(3,k)*(AkAFIF(2)-XEkF](3))**(N>n 

b(S)ap(3)>ktAFl(2,k:4(Xi:AklF (2)>XeXF 1 (3))*»(k«l) 

1 «k*AF 7 ( 3 .k)*(XFA>>IF( 2 }*XFAFl( 3 ))«*(k«n “ 

A(b.b)aA(b,S)*«0(3.> )*(Xb«alF(3)«XIAFl(3))**k 

Tt»;na*t*vnmT3,-T7kt7*AKiTm-'nAF3nJ7'»ic 

A(b,T)aA(b.7)*Ab(4.l>)a(|(AFIF (3)>XbtkI(4))*ak 

Atb.l)aAia.f}>At(4,K)a(X(|PlF(3).xbAFl(4))«ak 

b(a)at(4).AFl(3,h)a(xeAkIF (3)>XbAFl(3))a*N 


1 *AFl(4,N)*(X>-AKlF(3)*AbAkI(4))aak 

ATTriTaAtT.y7 « ra4tn.T:r»rxeAFITt31»TTAF3fmaan»«T) 

A(T,e)aAt7,t)*F»4H1.N)»(xtAFlF(3)-XFAH(3))»»(k*n 
A(T,7)aAtTi'n-k»A0t4,n»(TtiFIF(3)»*FXFI(4)T»»(>i-n — ' 

A(7,»)aA(7,k)-k»AU«,‘.)«l>t;FIF(3)-XtAFl(4))»»(k-l) • 

BtT)«F(T)«t.aAFT(3.k)«(XEAFlF(3)-XEAFl[3)}**(A«l) _ - - 

I 4r.«AF1(4,k)*(XFXFlF(3)-XFAFl(4))a*(A>n 

A(i,7)aA(F,T)«AC(4.N)*(XI>tFlF(4}>XbAFl(4))*ax 

A(4,b)aA(*,l)*Al(4.N)*(XrAFlF(4}>XtAFl(4))**k 

Hg7aFtR)-APl(4,kJ4(XFAFIK4)-XFAFl(4)- _ 

AtV,7)aAt9,7)*l.»AC'l4,h)»(>FAFIF 14)-Xt*l 3 14) J»»(k-n 
- AT9,i)aA((,l)*k4k](4,k)4(xtAFlF(4)oXtAl l(4))*«(k-l) 

b(9)at(9)*k«AP1(4.k)*(AbAMF'(4>*XEAFl(4) )a*(k«l) 

"Tl CTF . TI A CT 

CALI liS(l,I.CE-b*) 

A(i.n»t3F(*sc/tFsii«sn 

AU,i)aixf j.sO/tFSl^Sl) _ 

call ISSM.XbARlFd J) 

A C2 ,l) « U > (»> 0 /t T 81l431) 

A(2.2)aCXI-(>Su/eFZll4St ) 

•r3]stl2)>«57CV 

A(3.1 )a(*SbF/(FSIL*SIP)*iXF(«SO/CFill«£l) 

■»T3,37a(.sCT7rTrTt«rrr)ariFt-so/E»m»in 

b(3)BE(3)>(LE*kF>»SA(P)/L<**2 


c*tt xajts.xMPiFion 

A(a.9)a>EXF(*SC/EF&U*Al) 


Tit • .307a*nm **0/EPllL4Sn ' 
B(4)a<)l()*FS/LA 


Tit9f'»7*»t»jop/TPrn.4nT7»rTPt«sc/rFm43n 

A(9, 1C )a-(. SLF/EFSU«SiF )AEXF (•60/IF £11*11) 
e(97ag;9)»tL6aPpak3»6P)/C3»a2 



CALL ESSIb.XbAFIF(b)) 

nne,o)arT>t*ic/TTsn»m — 

A(tb,lC)aEiFfiO/EF£lL«!l) 

- ■PT107t0.5-P5^ — 


I 


I 
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c 

"C W*t THE ST3TTH-CT rtCETliHTC fCli»TIClir 

<••1 



1«*10 



C*IL LEOiarCE.k.k.l^.ii.lLCl.kKAIilA.llK) 

xrtTCT -rrc.-TJti -unrti.ki^ the >»ini xi ncciiiTH*i»iiT xiecthit^ 

IMUR .EC. 14) aiillKi.*) ' Iht ArCLAACY 1ES1 EAllCb' 

— -iTdET .TC.'Tin •imciE,*) “• iTtAAiiYt lAmiEAim > 0 T Tmcnvi’ 

C HYllt (a.*)' ICka *,1CA 

-V AAI TI H ,-rr ll'Cla *,ILC1 

L aAlTE (a,*)* a-HAYklXI fc 


C 

■X 


SILICT PCSJ^IICAE ALCA^YhE JClkl ANC CAtClLATt SIMAAIE, ETC. _ 

akllt (a, 10 ^) ALPMAklCOb.O.L.EFfU laklTE Ikl CA 1 A HEAClkC 

rCF» A T -rT*77/1 5,nn FPCrSA» IS ECAFFA*./- 

1 IJ.'SCAkf AkCLE lA ’.FA.l.* A 11 LlkAC lAkS . */ 

1 IS.'JCI'l LEKC 7 A IS '.FA.l,* AlLllkEUkS*/ 

2 Ti.'fFSILCk IS'.FF.A// 

1 T24,*Ari'EFEKt ACCUU'S * ,T12 'ACM S I VE '/ 

4 19,'>',n4,*Ae»i.*,l4).'S7f!${*.l!3,' Ckk '.TaATSlR', 

4 777'F?»rF-,Tf I'rEJAFF*/ 

5 : 7 ,*ki...l',:.c,'Ll.tA',IJ 3 ,'LC»Fk ',74 3,'MClLk'/ 

a i7,*anEAS',ii7.*cr*',i34,*CFA*//) 


C SIIECY 1 VILUES SEAR THE EkC CF Thl JClkl. 
no 72 KAsO.la 

i^ftrx*o.-oxi 

IF (k« .EU. 0) XbAPBC.COOA 

Xa>EAB»D - — 

call FCRCECASAII) 

5THFACa7AUl2»UA»l/(r»CCSAlF4SIkALM — ' 

kklTb (a. ton X.AMk,EL.kL.S1kFAC.Ckk,FEAk.FEAkF,FBAkPP 
ICl KCfkT (aA,'t.l,2>,FA.],iX,Fe.l,2>.>t.l , )X .F 1 .4 ,2A , IPLk. 1 , OP , IF 1 C . S } 
72 COMIM.E 

Z ZJZIZI Xt»F VACU5 fCF tkt Fti7 Cf Iht JLJkl " ~ 

t: 73 _ 

xkAf ik» 4 c.Cf ; ” 


cxu~rx> crrxTXFT 

S7kFAC>7AL124UkP/(C*CLSAiF*SIkALn 

aPlU (a,10n'x,Xii*k.Eb,CL,S7FJAC.r>F,FMi..Fk*Pk,fE4liPP 
73 CCk71KlE 

Lb 74 kX>4,AC,2" 

XbAPakXaC.CI 

uteefti 

CALL FCkCr(AbAk) 

'STAfACaTAUJlalLAk/TCACCSALF^SlkALn " 

• «m (a.icn A.XSAk.CL.CL.SIkFAC.Ckli.FEAk.FEAAP.FIAkPP 

T4 CCkTlkUt — 

CMC 


SDEFCUlkl PASCAC~TCCUl,Clkl,01k2) 

tlatkSlCN CCUl(Jl20_),CIkl(y2C),6Ik2Uj2e),PAE(2e)jPSTOP_t20) 

LC 1 K»l,2t' 

PASIklal.O 

T rckiiMi 

bOUl (C)sCIkl(C)4CIk2(C> 

uCLl Cl )aCJkl(0)»Clk2U )*Clkl (l)*Lik2(Cy 

IL 2 kfia2,20 

60 "3 kal,2C 

FSTCMk)«FAS(k) 

T cc^rrci 

DC 4 ha2,kC 

FAfiTLIkPSTCMiaVTSlLMk-l) 

4 COhllkUE _ 

DO 2 NkO.kii' 

60UT(NC)>I.CU7(kL,.FA:(k«l)>r.lM (I )<ClK2(kC-k> 

^ CC K TlC UE 

RtTCikN 


r 
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t a(XcXk>xiXkHn)«a(k.i) 

FaXKbPark«kFF*(a(2ai.t )ai,*(k*na«cil.X)»(( 2 ai)«a*(ll-Uaxi(l,k) 
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CALL ISMl.ltAkl 

rPAXaRS/(.$*U2ai-n«CXF(<S0/tPm*{l >*l (2ai)*r<F(>SO/CPSIL*AU 
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KPI laraippp 

'nSP2a(.*A1*C/TAlF)»r(1.0-CK01*Cl.b2)/ir/XIAR 

1 -ll.C- •liXZl*kLZXl)/lAL/(1.0-X;XR) )*FRAP 


1 •(l.a-aUAZL*kl.Z>l)/XIL/(1.0-ltAk)) 

m:aaAXrAE!rTCF*l),AES(TEP*7) .AESMFFk 2)) * 

^XaxPSt IkP-l-Unaa-IEki J)/klC 

GO Tc 102 


Ch*«0 . U 

122 CCATIME ~ . . .. 
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r - - . - - . 

C CALCILXTI THE xChISl.t SktXr XNC kC»*U XlFtSlLk fCF LMT LOXO AkC LMl *ltTH 
IAuli*l(A*A/(I.C-TXlM*2) 

Txo;2«:iOI2*1xlf 

Arr.Ak 

EkC 
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l.C4Sk 

*.Sl-C4 

0.40114 

0.ttl2J 

O.IOII* 

*.4 

0.420 

71.0 

70.0 

1 .047k 

S. 21-04 

0.42200 

0.011C4 

0.07*34 

*.7 

0.440 

Ik.C 

74.0 

1.C4I1 

1. 11-04 

0.44201 

C.044JI 

0.0112* 

- -1.0 

-0 . 4*0 — 

- 10.0 

7*.C 

1 .05C2 

2.71-04 

0.4*157 

-0.1*124 

0.01347 

7.1 

0.4*0 

7k. 0 

79.0 

1.CS07 

1.71-04 

0.440*1 

0.04172 

0.01241 

7.0 

0.100 

11. C 

70.0 

ICICI 

l.lf-OS 

e.ioooo 

t.**S7» 

•0.0012* 
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Appendix r. FOKTXAN PROGRAM SF3 

This ooapntsr progrsa cslcnlatss ths tvo-diasasionsl strsss 
distribution st the end of the edhesire. The bonndsry stresses are 
represented by polynomial approximations to facilitate oalenlating their 
Foarier :teries coefficients. 
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C* TnIi >io'6»i»*C*LTuL*tfl ThC |f*CIS rtliatllUTlO*) IN 1 *(CT*N6ULt» »IC1CN. 
C Th| muNDOT CONOITIOn* on ThI tNO LOafi luartCCI A*l 

C NEVaiStNTIO *• <0U*IM lEtlCS. 

oiaENiPN *iNO»caty«ei.*TiH*(oue<))t**MC*(ei)oo).*i«HWioiieo>. 

I cicir(rec>.c*CMiloo),cicir(igei.c«cir(joo). 

t cttir()oo)«cn*'(ie«)>ciiir (ien),c*iig(ioo) . _ ... ... . 

•1*1 L 

e*LL >tiICN(*«.*lri>F3.Q*TU 

•t*l.l*IS«t»«* 

|Tt*K|«l«l 

Lal.O 

_ _ 

?*t*.t*M»t»a») 

’ »T«0.1 ' 

c ocaiNi tm( •oCTNoxriC co(r*iciri«ri ro«'TM| imc*» itreis oistrioution 

C ' ON The URRfR (TO*) lUORRCI OR Th| RECT*N0UL*R RIBICNI 
C ROR TmE LERT ItOE. 0. •«««!. IR 
RTLOTR.TIJ* 

RTl|*>1«*.*0R* 

RTlErSOR.ROOI 

rtl»*»j»o.r*rt 

RTU«*R|.l}00 

c »CR TMt RIOhT ilflE, I.SKXl.O 
*T*0i|R.RfE 

RTRJi.3,»?R« 

*TRis0.1l*>3 

C ROLTNC'IiL CCERRtCIENTS RPR |Mf»* RTREM ON IhE ROITONi 
C R0» The LERT tlOE> O.R«>«{ 

#MlLeal|.ut}»R| 

RML|a«10*.T5»10R 

RNRClaiil.llim 

RRl!.la*9R.RRaNSR 

R»lL*a«.«*liS| 

C ROa the RIShT lIOEt |«i«1 
RHSaOaRTRO 

R*SR|*t-TR] _ 

aRS^iiKTai ■ 

*»$fc»»RT* J 
R9S*«aRT0a 

C R0LT'.0h1»l C0E»RI:1E'.TS R0» noR*»L STRUS CN the ’OR: 

RTNL6*Tit**RTi,0 

RTNtl*T»i.»»RTLI _ 

RTNlI*T*lR«RT|.» 

RTNL]aT«tR*RTcl 

RTNLaaT*LR*RTk« 

RTNR0tT*LR*RTR0 

RTNRl«T*LR«aTh| 

_ aTNNiiTikRRRTRjl 

' RlNRJtTikR*RTNl 
RTNRaaT*LR«RTR« 

c aOLTNOHliL. COERRICIENTS RO* TMF NQRHtL STRfllES ON ThE OOTTOhi 
C RPR The UERT IlOE, O.R«l«E 
RRNLOaRT.RRJM 

»RNUi«»«.|aTR»» _ 

RRNLR*|lt«.RORaTO 
••Nt Ji.»I.«jt*aB 
RNNtaiR.ktlR]] 

C ROa The RUhT RIDE, *«l«J _ 

•aNRitf*. 119*1 

•»nr|b*.*iii* 

••NRRi-t.**0** 

. ->k'PJ*0JJJ2e 

RSNRatO.RONSR 

C R04.TNOH1U.S RiU RORMAl STIEIUS UBUIRU ROR .NfiUHT .EOUltlRRlUHt 

C ROa The LRRT ||0E. 0. • 



R-OHUa-RO.lTEl 

RmOH|.|b|1.>eo« _ 

•“PH|.1*-RT.*0T0 

RMUHLaaa.o 

c ROR The RIKhT hoe. 

Rj«.e»> 40 *m.iw 

*«OHRt»»»**.***N 

.RNOHRiiUC.OOa . _ 

RHPHRIi.^f.TTTR 

RmuhRuO.S 
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C*LCUL*TI Th| TI«0Tn rOuatEii COIEMClDuTt rof Twf hOtiUk ITMSICI 
A’liO* (AJiTu^a 


I 

-4 


. *9T«l«t. !••••/•. 






1 

« •(MKU*»nO*l.n>'«. •••«/!.• 

r «(9B«iLi»*"0»Li)*a. «•••/•. a 

a _ _ ♦(•a»»k«»*i»p*ta)»o.a*«a/9,e.* . 

« »(t.o/L>«i(**'aa*a»o«aa)*a.a 

I •(»«* L?**>C»'>'<) ■E.s««i/].a 

t . •«. f ••«/•, e 

3 ♦(**' t. 4 »**:**«) •*.o«»j/i.oi 

• -I* ,0/L) • l (*a'-L0»»»O»‘0) 

» ♦(»a«tta»»*’C»»i)*i. •••!/». a 

T *(*aNt}*ano»aii«i. «•••/■. a 

a *(t.A/u*ia«Ni>a«i.a*aaKat«i.9*t|/i.o*»a'.*a*i.a**l/l.( 

.1 •aaii»i.j.e».«/a.e*ai*.aa«i.a..f/».a) 

j -(a.a/i.)»(a*NiiA.».9*aaa'M«i.a»»»/i.8*»‘.'<aa.i.a»«J/j.a 

I *aKM 1 * 1 . (•••/•. a**tMA*t.a*«a/t. a) 

c c«kCui.*Tr Tur aracaa ruacTi<)«i coraatcifari »oa tmi •loaKii. iTaciacai 
c (T>ita la THt ataeaa auacaiON aukuTtoin a«<ic» tccouxta aoa Tar otrrt»t^et 
c IN th{ uaara and lo*(* tvi«A6( <«oa»AL araesata) 

• iMAi'Noxai'ATi.oaian/a.a/iTa'TTi _ 

«?stTN0M(9)/2,0-aS*TT 


c 

c c»lcul»ti i"f 7f«pT«i »oi,»i»a cotaaieifNTj rot t»*f aMt»« sTafsarai 
*Tafia(o<i(a.a/t)«(afaa*a.na*iaTii*»)).i. 9 *.f 


t •»Tii«i.o*««/«.a**TN«.3.o«**/f .a) 

( •(<.e/L)*(aTt(<*i.)a*(»T»i*«i)*i . jA*«f /<.a**Ta{*i ,3«**i/!.c 

a * ••TN|*| .]9«««/«.0«»Tk*«|.}a««3/f,«| 

a •(l.o/L)*(aTLa«i.ia*iaTt.l**ll«i.a*'« 2 /l.a**TL>«l.)a**)'!.e 

a •(2.9/L)*(*TLB<o.ao*(aTti*ai)*c,aa**i/i.a*»TL2t4.a**l/}.a 

T ••TLS*o.ao**4/a.a*aTL*«o.*b**a/a,a) 

a *(l.a/i.)«(*s*A.a*« 2 /l.oi 

( 0 )«i>.e/L)*(a«aaa*l.a*(aaaai**ll*l.«i«*i/(.a*a«aaf •}.«•• |/«.e 
I •aaiaj. ).o«<a/«.a*a*aa«*i. €••«/«. ai 

t •i{.a/L)«(a*ai>a*a.a*(aa9<i|*«j)*f.a*«|/i.a**'*aai*<.a»*a/j.e 

1 ••aaaa*a.****/*.a*aaaaa*f .a**a/a.a) 

a •((.a/Li*(a«aLA*}.a*(»akLi*ai)* 2 .oa>}/i.a*»aaLl*l.a**s/].o 

5 •aaakS« 2 .a*«a/a.a*aaaLa«i.aa«%/a.a) 

a •({.e2L)V]aii)La*a.a*(aaaLi*ai)*o.f**r/i.a«ataLt*a.a*af/i.d~ 

/ •aa 8 ka«a.a»*«/a.a*aaHa»a.at*$/a.a) 

a •(a.a/L)*cai*a.a«**/a.a) 


c 

C CaicuLair ’"E aouait a C0t>»ICII NTl apa T -t Te» *T aia a OiaTt uuTiawi 

00 I Nai.iif*«a 
aFTaak««|/t 

aT$»a(a)«f.(«*aN(L,atTa,*Tao,afa|.ai.»Tk|,»Tti,aTaa,i.B) 

1 •f.a*a>i(|.>MTa,aTaa.aTai»«|,»Taf ,»Ta}.atM«,i.|i) 

< * 2 .a<tNiLiaeTa,aTto,an.i*a].au}.aTLl.aTka,i.ia) 

_ •<.o«aN(i..a(ia,aii.a,*iai*as.»TLf >aiki.aTi.a.a.a) 

a • 2 ."«aNiL.aiTa,o,e,a!,e.a,a.o.o.o,a.a! 

s •'.a«ANiL.af Tt,o.A.ai,o.a,a.a,a.a.a.}i 

aTNoa(N) {.a:<NU,.af Tt,»ti.ae,»Tt.ai,aTaaf ,»Tka|,aTiiat,s.g) 

1 _ •2.C*<k(L.a(Ti,aikao,»T>.ai,araB2,atiia|,»T>.aa, i.ii) 

2 * 2 .e*<N(L.aafa,atktO.»T»'ti,aTak 2 <aTkkl>a 3 kLa,|.ia) 

I »2 ,e»« «i >L.atTa.at NL a.a^'»u .»Tac2. »TNka .»Tin.a.a.a) 

I CUNTlNuf 
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C C*LCUL*T{ ThC rooRie* COe»»ICIlNTS 0 »_TmJ tOTTOH ITRCSS CIST*lBUtlO«<l 

PO t NbI.ITIBhB 

• FT*«S*PI/L _ 

I ^.$*«N(Lt*CTt,Pt$Be.MS«l*tI.MS»t.PBS4),Mt««.t.*l 

] .|.0«*NtLiMT*,»tSLA.PBSLI*Pl.MSL*»MtLl.Mtl.*>*.*) .. . 

9 •{.••4NU>tCT*,0.t,KI. 

• 44S0* (■«)■*. ••*N(L>HT4.M4««,M4I* I, 

1 .t.0>4l»(L.PCT4,MNao.MN«l>PPM(,P«'«t],MNM.«.t) 

t" •i.0«4kfL«KT*>P*<»L««a«P»*liaaNLl»aMO>Mlt«M>H.I*a'«uMt. 

a •(.o*4N(L«acT4,aai>Lo«a'‘o>ao,a4NLi»aMO*'ai,atNLZ«aw>*«a«, 

3 aaNc3»a»0'*a!,aa«»i.a»a«»oaaa,i.4) 

a *i.»*4k(L.acT4,aa')LP«aac<"La»aaitLi*a<«OHi.i>aaiii.>*a«OHLi. 

_ 7 _ aaN(.3*a‘K>*<i.3.*B>tia*aao>'La.i.4) _ 

"a " ■‘-i.O44NCL.iCT4,aNi«t»*a“0>»uata»av.l»a"O>n.l»aiaLZ*a<4O*<L*. 
a aaNL3*aMOML3raa*<La*aMOaLa,o.ai 

continue 

c-ccx aouaica coraaicitsTst 
«aiTE(a.liil 

111 roa»4T(T3.*N*,Ti4,*4Tapa*,T5z,*4T$Ha*,T50,’4aNoa',Taa, 'aasHB') 

~00 10 fc»0,ITFB«S 

«»fi IT£ (6. 10J» N, 4TS0» (M , 4T5-» (N1 . (M ,44«.<4 (N) 

IMD I'lNTISUf 

2 ««ITE (4.110) 

2113 FO»“4T (TO, • t • ,T?0. • T4UTK' ,T1Z, 'TauTS' ,744, ''4u8u' ,75*. '74UBS' ) 

0 00 4 Nls>30,30 _ 

0 

0 74U7N*47aOa(0)/Z.O 

0 l4U7S447SMa(0)/Z.O 

0 74ua444BNoa(o)/2.o 

0 74uasaia$»a'o)/z.o 

0 00 1 luM.nEa-* . _ . 

0 BE74lta*F!41/L 

0 CaC0S(PE74I) 

2 74UTKt74j7N*C*47N0»(><) 

C 74U7S*74U7J*C«4I5>«»(><) 

0 74li"N*7*UFiii*C>4a'i0a(N) 

0 74Ue>St74UBS»C«4a5''a(M 

P3 C0N7I»iuE 

0 NKmia.lOlJ J,74U7N.74u7S.T4uaS(74uB3 

04 C0«i7INUC 

C - — 

C C*lCLL47t S0Ui7I0l C0IFFICIEN7S: 

jio ^ h»ijiTiarr 

aE7484»ai/i. 

BaSlNn(BE74ir7) 

CaC0S»(Bf74«T7) 
ai|a2.04BE74itZ4S 
4|28Z.0«BF744(S*«F74*T7*C) 

a21l2.0*BET^«42tC 

422*2. 0*aEl4*«2«T7*s 

-HE 7 *41 1*422-412*421 _ 

BI*4a)H*((i.).47SHa(i«) 

-B4*0.9 - . - 

CISSF (k)*(»i**22-aa*4I2)/0ET 

C*19F(Mata* «411»Bl»42i 1/CE7 

Bl*0.0 

. B4*-147N0a(N)*4BN0a(M)) _ . 

CICSF(K)*(tl**22-B4*4|2)FOI7 

C*CSF(kls(B**411-Bl«421)V0ET . _ . . 

411*2. 4*SE74**2*C 

412*2-a«(aF74.C«a£74«.4*T7«41 

421*2. 0*BE74*«2*S 

422*2. 0t9E74**2*Tl*C . 

0E7*4||*42f-4|2*421 

B2*-1471HallL)*4aS>llUJ3 - 

BJ*0 .0 

t2SSFilL}»U2*422BB3*AXiL2JltT 

C3SSF (M* (13*411-02*4211 /PE 7 
B2«0.0 

S3**e40a (>n.*7Noa(N) 

C2C3F(«i.’»(B2*«2?.33**12)/Dt7 
C1CSF (M»(BS*- B2*421)/0I7 

» continue _ _ 
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c _ - . 

C C»LCUL*T€ THf STRESS SUCTION COrFMClCNTS SOB TmC STRCSSESI 

C (This is The stress FuXCTIOS solution RMtCH ACCOUNTS FOR TnE OlFFCRENCE 
C IN The URRfR ANO LO>C* AVERaSC NONHal STRESSES) 

SFSSR(ASNOR(S)*ATNOR( 0 ))/ 2 .S/(TS.~JLTJ 

SFAIsaTNORCSI/S.S'SFSSaTT 

c . - - - 

C calculate the stress function coefficients to correct the lINCARlT 

C INCREAS1N6 NORHAL STRESSES IN TtE ■•OlRECTIONt 

C (This stress function also fares ThE I'OIRECTION normal stresses tERO 
C AT the ENOS AND MARES TnC SMEAR STRESSES CONSTANT AT TmE ENOS) 

SFDJaiRR.lSNI „ 

SFDRR-IST.SSSA 

SFBER'SFOA/S.FMRaaE 

c 

c CALCUl"aTE STRESSES! 

0 nRITEIA.II?) 

112 FOBhaKTS, •»ONE*.T20, 'ITNO'tTJS.’TAUl'.TRR, 'TAUS’fTiN, 'TA1II2') 

00 T NTr. 10,I0>2 
TRNTa.OI 

00 T NIxOiTO 

IsMaC.l 

SIC»sSFB3.t.SFA? 

TiuitsaTShR (0) /2.fSFA3«|.SF62*SFDA/2.C*Ta*2 

00 A MWITENhS 

SxNaPI/L 

B2«Baa2 


SaSINH(NaT) 

C*COSH(SaT) 

SICirSISI 

1 aSIN(Rai). : . ..SF (N) aS 2 aCaC 2 $SF (N) alJaSaC 3 SSF (N) aRa (I.OaSaRaraC) 
_2 _ _ _ aCR 5 SF(N)aSa( 2 . 8 aCa 8 a»aSn 

J aC 0 SISai)a(c'lC 5 F (N) aS 2 aC«C 2 CSF (N) aB 2 aSaC JCSF (N) aSa ( 2 , 0 aSaSaTaC) 

A aC«CSF(N)aSa( 2 . 0 aC«BaTaS)) 

SICTsSIO 

1 •B 2 aSlN(i’a«) a(C! SSF (N ) aCaCSSSF (N) a SaC TSSF (N) aTaC*CASSF (M aYaS) 

2 -B 2 aC 0 S(N.«)a(ClCSF(N)aCaC 2 CSF(N)aSaCICbF(N)aTaCaCACSF(MaTaS) 

TAUiTaTaiiiT _ 

1 •AaCOSrSalJatriSSF (N)aBaSaC 2 SSF ( N ) aa aCaC 5 SSF (N) a (Cafl a YaS ) 

r a:aS 5 F(K)a(SaAaYaC)) 

5 apaSIN(Fal)a(ClC$F(N)abaSaC2CSF (N ) aB aCaC )CSF ( S ) a (Caoa Y aS ) 

A aCAC 5 F(N)aCSa 9 aYaC|) 


6 continue 

■ rite IN. 101) »,y, SI6».S16y,TaI'1IY 

T CONTINUE 

loco CONTINUE 

IOC FORhaT(ai,I3.SEI9.a) 

101 F0BhaT(ai, 5F 12,fc) 

ENO 

_ function AN(LtBET A,PC.Fl.P2.R3.FA.R) 

real L 

ANA(l.0/L)afPP/BETAaPlaI/AETAaP?a{BET4aa2alaa2-J.0)/BETAaa3 

1 aP3a(BETAaa2aIaa3>b.0ai) /BETAaaB 

2 aPaa (BETAaaAalaaAa]2.0aBETAaa2alaa2a2«.O) /NETAaaB) 

3 aSIN(RETAal) 

A a(l . e/L)a(Pl/BETAaa?a2.paP2ai/SETAaa2 

B aPSa(1.0aBET4aa2a»aa2a6.0)/BCT4aaa 

* _ aPAa(A.OaSET4aa2aiaa3a)A.Bal)/BCTAaaA)aCOS(BETAaI) 

RETURN 

FUNCTION SN'(L,BETA.PO.Pi,P2,P3,PA,l) 

^REAL L 

BNA(1.0/L)a(Fl/8ETAaa2a2.0aP2aR/BETAaa2 

1 aP!a(3.Ca«FTAaa2aiaa2-*.0)/BFTAaaA 

2 aPAa'.A.0aHETAaa2aiaa3-2A.0aI) /SETAaaA)aSIN(BETAa|] 

I a(i.p/L)a(-Pn/8ET|.Pf </BETA-P2a(BETAaa2alaa2>2.C)/BETAaa3 

A aPSadlETAaal . a a 3.R . Oa I ] /BE T A aa 3 

B •Paa(BETlaaAa|aaA-|2.0aBCTAaa2alaa2a2A,0)/BETAaaBl 

N aCOS(BETAal) 

RETURN _ _ 

ENO 








Appendix Ti. FOSHAN PR068AX OEFLCOMP 

This prograa oalcaletes the deflection, location of the neutral 
izis, beading rigidity (El), nonent asd top and botton atraine of an 
adhesively bonded scarf Joint with a doubler. It treats the specinen as 

a layered beam at each cross section. 
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:ooo 

lOlO 

loro 

1030 

1040 

lOSO 

1060 

1070 

1080 

1090 

1100 

1110 

1120 

1130 

1140 

1150 

1160 

H70 

1180 

1190 

1200 

1210 


1 J40 
122'' 
1260 
12’’0 
1230 
1290 
1300 
1310 
li JO 
1 3 jO 
1340 
I 320 
1340 
13~0 
1 30-.1 
139;' 
1400 
1410 
1420 
1430 
1440 
1450 
1460 
1470 
1480 
1490 
1500 
1510 
1520 
1530 
1540 
1550 
1540 
1570 
1580 
1590 
1400 
1610 
1620 
1430 
1440 
1450 
1440 
1470 
1480 
1690 
1700 
I’lO 


•K'ESKT FREE 
•SET 0UT08INP 

C THIS PROORAH CALCULATES THE DCFLECTZON> LOCATION OF THE NEUTRAL 

C AXIS# 8ENPING STIFFNESS (EZli HONENT AND TOP AND BOTTOM STRAINS OF 
C AN ADHESIVELY BONDED SCARF JOINT HITH A DOUBLER. IT TREATS THE 
C SPClXHEN as a LATERET beam at each CROSS SECTION. IT ACCOUNTS FOR 
C VAKIABLE ALHESIVE TH'.CKNESS IN ALL ADHESIVE LAVERS AND FOR THE 
C UNCLAT LONER SURFACE CAUSED BY VARIABLE THICKNESS IN THE SCARF 
C JOINT ITSELF. 

LOGICAL RKBSTA 

CONHON /RKBCOH/ SPtHHINiHNAX.HC* AB.SGiOl 1609) 

REAL ItfT2>I3>I4tIS.LJl.LJ3>LJ3tLJ4.LltL2>N.N.H0DtNU12> 

1 NUNCiKUNRfNUN>NUHl>NUN2 

DIHFNSION H(20>fHR(20)fE(20>«ER<20>>THETAR(20).THETAC(20) 

C— SET SPECINiN OEOHETRYt PHYSICAL PROPERTIES AND LOAD 
C DAT IS DOUBLER ADHESIVE THICKNESS. 

C SAT IS SCARF ADHESIVE THICKNESS 
C DOUBT IS DOUBLER THICKNESS 

C HCON- IS the THICKNESS OF THE ORIOINAL DAHAOED MATERIAL 
C DOL IS the doubler OVERLAP 

C EC.EE.ED ARE YOUNG'S MODULI GF THE CONPOSITE. ADHESIVE AND DOUBLER 

C GAMMA IS THE ANGLE OF THt SURFACES OF THE SCARF ADHESIVE DUE TO 

2 VARriNG thickness. 

c lj: is damage half length 

r. IFlYC and TPlTR are the ply thicknesses OF THE 0RIGINA_ laminate 
C AND The replacement PIECE. 

C H(l) AND HR(l> ARE THE COORDINATES OF THE BOTTOHS OF THE I-TH 
C PLIES IN THE ORIGINAL LAMINATE AND THE REPLACEMENT PIECE. 

C HPLYC AND NPLTR ARE THE NUMBER OP PLIES IN THE ORIGINAL LAMINATE 
C AND THE REPLACEMENT PIECE. 

TPLYC-0.138 

rPLYR»0.138 

NPLYC‘18 

N9LYR*18 

(-■LPHA'4.0 

l'CUBT»0.42 

DA'I»0.30 

DATlJT*C.30 

DATLJ2*0.3C 

D.YTlJ3»2.34 

DATLJ4«C.34 

DATLI-0.14 

SATLJ2-0.32 

SATLJ3-0.22 

LJ1«12.5 

D0L«2S.0 


C 

C 


L2«120.0 

B-25.0 

EE>34S0.0 

EI»63S00.0 

CALCULATE PLY HOPULI lASSUHING SIOMAX IS NCN-ZERO AND 
SIONAY-EPSILONXY-OI 
Ell*117000.0 


E22>9300.0 


NU12»0.3 
G12>4500.0 
TNETAC(1)> 00.01 
THETAC(2)» 0.01 
TNETAC(3>- 45.01 
TNETAC(4)»-45.0» 
THETAC(5>- fO.OI 
THETAC(4)a 45.01 
THETAC(7)»-43.0I 
THETAC(8)> 0.01 
THETAC19)- 0.0* 
THETACdOl- 0.01 
TNETAC(lt)" 0.01 
THETACf 12J—45.0I 
TMETAC(13)* 45.01 
THETAC(14)» 90.0* 
rHETACdS)— 45.0* 
TMETACdO)- 45.01 


TNETARd)> 00.0 
THETARC2)- 0.0 
TNETAR(3*« 45.0 
TNETAR;4>a-45.0 
THETAR(5 >b 90.0 
TNETAR<4)- 45.0 
THETAR<7>— 45.0 
THETAR(B)> 0.0 
THETAR(91> 0.0 
THETARdO)- 0.0 
THETARdll- 0.0 
TNETAR (12 1—45.0 
THETARd3)> 45.0 
THETARC4)« 90.0 
TNETAR (15 1—45.0 
THETAR(141- 45.0 
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1720 THCTAC(17>- 0.01 THETARd?)- 0.0 

1730 THCTACdO)- 0.0( THETARdt)- 0.0 

1740 DO 302 laltNRLYC 

1750 £(1>-ERLY(THETAC(I>«E11>E22»NU12>012) 

17A0 302 CONTINUE 

1770 DO 303 1>1.NRLYR 

1780 CRd»En.Y(TNCTAR(X)>ElliE22tNU12>012) 

1790 303 CONTINUE 

1800 C calculate suns for the CONFOSITESt 
1810 C FOR THE ORIOINAL LANINATE> 

1820 Hdl-O.O 

1830 NUNC'0.0 

1840 DENONC'0.0 

18S0 DO 300 1-ltNFLYC 

1860 R«FLOAT(I> 

1870 M(I91)-R»TPLYC 

1880 NUNC>Cd)*(H(161)6H(I>)«(H(161>-Hd)ITNUHC 

1690 DENONC-E (I>«(Hd61>-H(I)> 6DEN0HC 

1900 300 CONTINUE 

1910 HC0N>H(NFLYC»1) 

1920 C FOR the REFLACEHENT PIECE. 

19.10 HUHR»0.0 

194.' I'£n.'v«0.0 • 

xry. •iK(i:«o.o 

19o0 00 301 I*l.NfLYR 

19>o R'FcOATdJ 

IVOO rtMiri)»R*TPLVR 

1990 MUHR«-R(I)«(HK(lfl)fHR(I) )»(HR(I91)-HR(1>>6NUNR 

2000 DLN.R'E : ( I > • ( HR ( 16 1 ) -HR ( I ) ) 6DENR 

2010 3tl CONTINiE 

2020 HrOPR*H<NPLYR61) 

2030 WRITE (e>203) 

2040 20: FOTi...«r (* ENTER LOAD FORCE IN NEWTONS AND INITIAL DEFLECTION* 

2050 1 • IN HH.*> 

2040 REAP <5./) F.ZO 

2070 WRITE I6.202) LJl .ALPHA. POL. F 

2080 20. F0RHAT(/1X/1X/3**DEFLECTI0N OF A SCARF JOINT WITH D0UPLER*/1X/ 

2090 1 2X*PAMA3E HALF LENGTH IS *F5.2* HH*/ 

2100 : 2X*SCARF ANtiLE IS *F4.1* PEGREES*/ 

2110 3 2X*P0U8LER OVERLAP IS *F4.1* fin*/ 

2120 3 2X*L0AP FORCE IS *F8.2* NEWTONS */lX/ 

2130 4 3X* POSITION DEFLECTION NEUT AXIS El HOHENT* 

2140 5 7X*nlCR0 STRA1N*/58X*T0P*4X*80TT0M*/ 

2150 6 3X* HH 11M NH •/) 

214C ALPH*ALPHA63.141S926S4/180.0 

2170 TA«TAN<ALPH» 

2180 LJ29LJ16SATLJ2/SIN(ALPH) 

2190 LJ3-LJ1+HC0H/TA 

2200 LJ4-LJ2+HC0H/TA 

2210 L1>LJ36P0L 

2220 GAHNA-ATAN ( ( SATL J3-SATLJ2 > *COS ( ALPH >/ (L J36SATL J3tSIN ( ALPH > -L J2 ) ) 

2230 SOAN'SINlOAnHA) 

2240 TOANaTANl GANNA) 

2250 800 CONTINUE 

2260 C— SET INITIAL VALUES 
2270 ILL RKPRST 

2280 3G>1.0E-09 

2290 Y«0.0 

2300 SP’0.0 

2310 Z»ZO 

2320 PZPr«0.0 

2330 C--CALCULATE SECTION PROPERTIES! El AND ECCENTRICITY. ECC. 


2340 

lOOr IF 

<Y 

.GE. 

0.0 .AND. 

Y 

.LT. 

LJl) 

GO 

TO 

SOI 

2350 

IF 

(Y 

.GE. 

LJl .AND. 

Y 

.LT. 

LJ2) 

GO 

TO 

302 

2360 

*r 

(Y 

.GE. 

LJ2 .AND. 

Y 

.LT. 

LJ3) 

GO 

TO 

303 

2370 

•.F 

(Y 

.GE. 

LJ3 .AND. 

Y 

.LT. 

LJ4) 

GO 

TO 

504 

2300 

IF 

(Y 

.GE. 

LJ4 .AND. 

Y 

.LT. 

Li: 

jO 

TO 

SfS 

2390 

IF 

(Y 

.I.E. 

LI) GO TO 306 






24C0 5<'! H3«HT0rR 

2410 H4»M36PATItY«(PATLJl-PATI)/LJl 

2420 H5«H4+P0UPT 

2430 2ZER0*<L2-LJ2)tSGAN 



I 
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2440 C 
24SO 
2A60 
2170 
2480 C 
24*0 
2S00 
2310 
2320 
2330 
2340 
2330 
2340 
2370 
2390 
2590 
2600 
2610 
2620 
2430 
2440 
2650 
r.ti'j 


2670 
2700 
2710 
2720 C 
2730 
•J740 
2750 
2740 
2770 
2780 
2790 
2800 
2810 
2G20 
283C 
2340 
2050 
2860 
2670 
2680 
28«»0 
2V00 C 
2910 
2920 
2930 
2940 
2950 
2960 
2970 
2980 
2990 
300( 
3010 
3020 
3030 
3040 
3050 
3060 
3070 
3060 
3090 
3100 
3110 
3120 
3130 
3140 
3150 


L.1LCULATE THE NEUTRAL AXIS COORPINATE> T 

N>(EP*<H5-H4)«(H4iH5)1EE«(H4-H3)*(M3'fH4>6NUHR> 

0« ( 2 . 0« ( ED* ( H3-H4 ) 6EE4 ( H4-N3 > 6PENR > ) 

TmH/V 

CALCULATE El FOR THE CONFOSITE REPLACEr~NT PIECE 
eiC-0.0 

PO 311 J-liNPLTR 
HP-Hmi)-N(l) 

R-T-IH(I>6MP/2.0> 

PN0I*t«HP»HP«HP/12.0'f>aH0*R*R 
EIC-ERdiaPNOIlElC 
311 CONTINUE 
HP«H4-H3 
R*T-<H3+H0/2.0) 

1 2>6»NPaHD»HP/ 1 2 . Of MHP«R*R 

MD-M3-H4 

R«T-<M4fHD/2.0) 

I3>8«NP«HP*HP/12.0fP«HP*R«R 
EI>riCfEE«I2fEP»I3 
ECC-T-HCON/2 . Of ZZERO 
E>0.3«P 
TT-T-H5 
PO TO 600 
5i.. hj.hTOF^ 

H2«{9-lJI )»76 

H4«H3fPATLJlf ( Y-LJl >«(PATLJ2-PATLJ1 )/(LJ2-LJl) 

H5-H4+P0U6T 

ZZER0«(L2-LJ2)*S0Af1 

CiM CULATE THE NEUTRAL AXS COORPINATEt T. 

IL»INT<H2/TPLYR) 

PENOH>0.0 

NUn>0.0 

ir ML.EO. 0) GO TO 621 
PO 321 r-l»IL 

NUn>ER( n«(HR(If 1 >fHR( I) >*(HR( If 1 >-HR(l > IfNUN 
PENON«ER(l>«(HR(Ifl )-HR( I ) )6PEN0H 

321 CONTI, HUE 

621 continue 

HUH»tR( ILf 1 )»(H2fHR( ILf 1 ) >«(H2-HR< IL»1 )) f N'JH 
PENOn*ER( ILf 1 1* (H2-Hfi( luf 1 > IfPE.NO" 

NliH«NUrlR-NUn 

riENOM»PENR-PENOM. 

N> ( EP« ( HS-H4 ) • ( HSf H4 ) tee* ( H 4-H3 ) * ( H3f H4 ) 6NUH 
1 fEE»H2*H2) 

P«(2.0«(EP«(H5-H4)fEE*(H4-H3)fPEN0NfEE»H2>) 

T«N,'P 

calculate EI for the PEUELEP CONFOSITE REFLACEHENT PIECE 
EIC-O.O 
lF-ILf3 

IF (IP .OT. NPLTR) CO TO 622 
PO 322 I-IP.NPLYR 
HP«HR(Ifl)-HR(I) 

R»T-(HR(I)fHP/2.0) 

PN0I«P*HP*HP«HP/12 . Of P«HP*R*R 
EIC*ER(I)*Pn0I4EIC 

322 CONTINUE 

622 CONTINUE 
HD»HR(ILf2)-H2 
R»T-(H2fHP/2.0> 

PH0I>l>«HP«HP*HP/12>0fP«HPtR«R 

EIC-ER(ILfl)*PH01fElC 

HP-,1.- - 

R* f-HP/2.0 

1 1 •PaHP«HP«HP/12. Of P6Mp«R»R 

HP-H4-H3 

R«T-(H3fHP/2.0) 

l3*MHP«HP*HP/12.0fH*HP*R»R 

HP-H5-H4 

R-T-(H4tHP/2.0) 

I4«P«MP«HP«H[/ir.0fPrHP*R»R 

El-EE»i:*EICfEEinfEP»I4 

ECC-T-HCOfi/2.C+22ERO 
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3140 

3170 

31B0 

31V0 

3200 

3210 

3220 

3230 

3240 

32SO 

3240 C 

3270 

3280 

32»0 C 

3300 

3310 

3320 

3330 

3340 

331iO 

3340 

3370 

33U0 

340;- C 

3410 

3420 

3430 

3440 

3430 

3440 

3470 

3480 

3440 

3iO0 

3310 

3320 

3330 

3340 

3500 

3340 C 

3570 

3580 

3590 

3400 

3410 

3420 

3630 

3440 

3450 

3340 

3470 

3480 

3490 

3700 

3710 

3720 

3730 C 

3740 

3750 

3740 

3770 

3780 

3790 

3800 

3810 

3820 

3330 

3840 

385C 

3840 

3870 


8>0.S4P 
TT-T-H5 
00 TO 400 

903 SCAN«(r-LJ2>4T0AH 
Hla(r-LJ2)«T4 
N2-N14IATLJ2 
H3«NT0PR4SEAIt 

H4-H34DATL J24 ( V-t J2 ) • ( 04TL J3-DATI. J2) / (L J3-L J2 > 

H3-N44P0U8T 

ZZER0«(L2-Y)«S0M1 

calculate the neutral axis C00R01NATE>T1 
ILT-INT(H3/TRLTR) 

ILMINTIMI/TPLTC) 

KOR THE 0R20INAL LAMINATE! 

NUHl-0.0 

0ENON140.0 

IF (IL8 .EQ. 0) 00 TO 431 
DO 331 I*liIL» 

NUNf>E(I>«(H(I41)4H(I>>«(H(I41)-H(l)>4NUNl 
DEN0N1>E(1>«(H(141)-N(1) )4I>eNani 
331 CONTINUE 
431 CONTINUE 

NLni'CdLPfl >*(Nl+H(rLB + l > )«(H1-M( ILB41 > )4NUf11 
PENC-l'E! rtP+l )»iHl-HCLI'*n l + PENONl 
luf. the REi-LACEMEnT flECEt 
NUM2«0.0 
l'ENCN2*0.0 
ILTR-ILT+2 

IF (ILTR .GT. NFLYR) GO TO 432 
DO 332 I'lLTRiNFLYR 

NUN2*CR<I)«(HR(I41)4NR(I)42.0«SEAN)*(HR(Ifl>-HR(I>>fNUN2 
OeNON2>ER(I)«(HR(I41)-HR(I)> 4I>eN0N2 
33: CONTINUE 
43.' CONTINUE 

NUN2«ER<ILT41>«(HR(ILT42>tN242>0>SCAn)«<HR(ILTf2)-H2>4NUN2 
DEN0H2»ER( ILT+I >*(MR( ILT42)-N2)+DEN0H2 
NX EDI ( HS-N4 ) « ( H44HS ) 4EE« ( H4-H3 ) • I N34H4 > 4NUH2 
1 4EEXH24SEAN-N1 >a(HltH24SEAN)'fNUMl > 
D>(2.0«(EDa(H5-H4)4EE*(H4-H3>fDEN0n24EE«(H24SEAH-Nl )4DEN0N1 > ) 
T«N/P 

Calculate ei for the original lahinate 
EIC l-O.O 

if (ILB.EO. 0) GO TO 433 
DO 333 I>t>IL8 
MP»H(I+1)-H(I) 

R»T-<H<I)4HP/2.0) 

FN0l«paHPaHPaHD/i2.04BaHPaRaR 
EICl'EdlaFNOltEICl 
333 continue 
43.1 CONTINUE 

HD-H1-N(ILP41> 

R»T-(M( ILP41 l+HP/2.0) 

PHO 1 •BaHPaHPaHP/1 2 . OfPaiioaRaR 
ElCl>E(IL»41)aPN0I4EICl 
HP>N2tSEAH-Hl 
R"T-(H14MD/2.0) 

I2*8aHPaHPaHP/i2.04*aHPaRaR 
CALCULATE EI FOR THE REPLACEMENT PIECE 
EIC2>0.0 
ILTR»;LT42 

IF (ILTR .GT. NPLYRl GO TO 434 
DO 334 I'lLTRfNFLYR 
HP"HRd*1 )-HRd ) 

R«T>(HRd)4HP/2.048EAH) 

PN0:*PaHPaHP«HD/12.04»aHpaRaR 
EIC2-ERd)aPrtOI+EIC2 
33 1 CONTINUE 
43-1 continue 

HP»MR( ILT42)-H2 
R-T-iM2*SEA.*<4HP/2.0) 

RN01>paHDaHPaH(i/i2.0T>tArtRaR 
EIC2"ERdLTd >aFH0ITEIC2 
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3080 HD-H4-N3 

38V0 0-T-(N34H0/2.O4SEAn> 

3900 I4-0«HD«HP»HD/12.O48*HD*R«R 

3910 H0-HS-H4 

3920 R-T-(H4f HD/2.0) 

3930 IS-0«HD*HD«Hb/13.O40«HP«R*R 

394U EI*ElCt4CE«I24EIC24EE«14tEDtI9 

3930 ECC-T-HC0N/3.04ZZER0 

3940 S-O.SaD 

3970 TT-T-HS 

3900 00 TO 400 

3V90 30-1 H3a(Y-LJ2)«TR 

4000 H4-ILJ3>I.J2)tTR4SRTLJ34DRTLJ34 

4010 1 < Y-L J3 ) « ( ( DATL J44HC0H ) - ( ( L J3-L J2 ) *TA48ATL J39PATL J3 ) ) / ( L J4-L J3 > 

4020 H9-N44D0UDT 

40J0 ZZERO>(L2-Y)I60AH 

4040 C C.tl.CULATE THE NEUTRAL AXIS COORDINATE* T1 
4050 IL«IHT(H3/TRLYC) 

4040 NUN'0.0 

4070 DENOn-0.0 

4000 ILR-IL42 

4 '.'V 0 ir (ILR.Or. NPLYC) GO TO 441 

41' ' I'O 341 I'IlR.OFLYC 

4 ; NUfi*E 

/iro DEN01«E< I )»(H( I4l )-M( I ) )+t'£NOH 

•13: 341 continue 

•140 s41 CONTINUE 

4110 NUN>C(lL41>«(H(ILR>4H3)«(H<II.R)-H3)4NUn 

1160 UENOH>E(ILtl>«(H(ILR>-» 3>fDEN0n 

41/0 NUH4NUNC-NUN 

4180 [iEN0H«DEN0nC-PEN0n 

4 1 yc N-* ( ED* ( H3-H4 ) a ( H44HS ) f EE* ( H4-H3 > • ( H34H4 > 4NUN ) 

4200 ti.* ( 2 . 0* ( ED* < HS-H4 > 4EE* ( H4-H3 > 9DEN0N ) > 

4210 T-N/D 

4220 C '..LCUL/TE ET FOR THE DCVELED ORIGINAL LAfllNATEl 
4-30 EIC-C.O 

4240 IK- (IL .EG. 0) CO TO 442 

4250 DO 342 I«ltIL 

42oC HD«N( 1*1 l-Hi I ) 

4r"’0 R*-T-<H( I >+HD/2.0) 

420'' PM0I-t*Hri»Hri*HD/l2.04B*MP*R*R 

4240 CIC»E(I)*PH0I+EIC 

4300 342 CONTINUE 

4310 442 CONTINUE 

4320 HD-*H3-H(ILfl> 

4330 R»T-<H3-HD/2.0) 

4340 PM0I»B»HP»HD*HI./12.O+B*HD*R*R 

4350 EIC>E<ILfl>*PH0I4EIC 

4360 HII4H4-H3 

4370 R»T-<H3 /4D/2.0) 

4380 I2«B*HD*HD«HD/12.0fB*HD«R*R 

4390 HD«HS-H4 

4400 R4T-(H4fHD/2.0) 

4410 I 34B*HD*HD«HD/ 1 2 . 04B*HD*R«R 

4420 CI*nC4EE*I24ED*I3 

4430 ECC»T-«C0H/2.0+ZZER0 

4440 S«0.3*D 

4450 TT»T-H5 

4440 00 TO 600 

4470 505 M3-NC0N 

4480 H4«ri3+DATLJ44(Y-LJ4»*(DATLl-DATLJ4)/{Ll-LJ4) 

4490 HS-H44D0UBT 

4500 ZZER0«(L2-Y)*S0AH 

4510 C (i)LCULATE THE NEUTRAL AXIS COORDINATE. Tt 
4520 N-<ED*(HS-H4)»(H4+H5>+£E»(M4-M3)*(K3+H4)+NUHC1 

45 JO !•• ( 2 . 0* « ED* ( HS-M4 ) +EE* ( H4-H3 » +DENONC > ) 

45 40 T»N/Ii 

4550 C calculate EI FOR THE COMPOSITE: 

4560 ElC'0.0 

45’0 DO 351 I*t.»'PLTC 

•I5S0 MD-HM + n-H 1 ) 

45‘’U N«r-(M(I)+HD/2.0) 
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4600 
4610 
46?0 
4630 
4640 
46i0 
4660 
4670 
46B0 
4690 
4700 
4710 
4720 
47J0 
4740 
4750 
4740 
4770 
4780 
4 740 
4SC0 
4910 
■tn.'j 

4P4" 

IS-'J 

4£,40 

48^0 

4t!H0 

484(1 

4400 

4910 

4920 

4930 

4940 

4950 

I9«'.0 

4970 

4V80 

49V0 

5000 

5010 

5020 

5030 

5040 

5050 

5060 

50/0 

5f 10 

5J/0 

5100 

5110 r 

5120 

5130 

^140 

5150 

5140 

5170 

5180 

5190 

5200 

5210 

5220 

5230 

5240 

5250 

5240 

I2’0 

S2C0 

5290 

5300 

3310 

5320 

5330 


rH0l9»*HP«HD«HD/12.06*«N0*R*R 

i;ic*e<i)«pnoifEic 

351 CONTINUE 
HD-<H4-H3 
N«T-<H34HD/2.e> 

1298tHDtHD*H0/12.09»IHD«R«R 
H0>NS-H4 
RaT-(N44HD/3.0> 

23«MHP*HD»HD/12.04t*HD«RaR 
EI-EIC9EE*I2fEIi«I3 
ECC-T>HC0H/2 . 04ZZER0 
S-0.3«D 
TT-T-HS 
00 TO 600 
504 CONTINUE 

calculate the neutral axis coordinate^ t: 

T-NUHC/ ( 0EN0MC«2 . 0 > 

CALCULATE El 
eiC'0.0 

DO 341 t«l>NPLrC 
HD*H<lfl)-H(l) 

R»T-(H(l)4Ht'/2.0) 

lflOI«f'»M:i*HIi»Mri.'12.0*f'«WD»R»F 

C22»Ea)»F10HEIC 

341 continue 

LI'EIC 

2ZER0»<L2-Y)tS0AN 

ECC-ZTERO 

S-DENONC 

TT-T-HCOn 

--INIFORATE EQUATIONS 
40o Y'RKRIirfl.O) 
n*F«(Z4Erc) 
t'2ZDY2»«/EI 

I'ZPY»RMili ( nZP Y t D22D Y2 » 

Z«RR»ri<Z.DZPY> 

IF (RKtSTA (.FALSE.)) 00 TO 1000 
FCn«F*(T-HC0n/2.0) 

FEC*n-FE.«1 

EI>OT-T»fi/EI 

ET0P«TT»N/EI 

EFORCE'F/S/S 

9STRN> ( eiiOT tEFORCE ) • 1 . OE04 
rSTRN> ( ET0F4EF0RCE ) «1 . 0E04 
WRITE (4f200) Y>Z>T>EIin.TSTRN.|iSTRN 
200 FORMAT (3X>F4.t>3X>F10.4>F10.Sf 1X>1R2E!0.3>0F2F9.1) 
SP-SF90.2 

IF (Y .OE. L2> 00 TO 700 
00 TO 1000 
700 continue 
END 

EFLY IS ThE MODULUS OF A GIVEN FLY 
FUNCTION EFLY( THETA. Ell fE22>NU12. 012) 

REAL N.N.H2.N2.H4fN4.NU21 .NU12.NUNU.EFLY 

FI-3.I41S92454 

THETAR-THETAtPI/lSO.O 

N-COS(THETAR) 

N«SIN(THETAR) 

N2*N«N 

H4*N2*M2 

N2>N*N 

N4«N2*N2 

NU21-NU124E22/E11 

NUNU'l .0-NU124NU21 

Qll'Ell/NUNU 

0 1 2*NU12*E22/NUNU 

Q22»E22/NUNU 

Q44*012 

01 1 F-N4t01 1 42 . 0IH2«N2« (01242. 0*044 ) 4N4«022 

022F-N4401 142.0»M2*N2*(Q1242.0»046)4M4»022 

OirP«ri2»N2» ( 01 1 +022-4 . 0*044)4 1 H4tN4 ) *01 2 

Ef LY»<0nP*022f-U12P*012F )/022P 

RETURN 

ENH 


OWGtNAL PAGE W 
OF POOP QUALITY 



